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Deutsc he Zusammenfassung

Zentrales Thema dieserArbeit ist die theoretische Untersuchung von Spintransport durch
Nanostrukturen, in denen es zu starker Elektron-Elektron-Wechselwirkung kommt. Als
Modellsystembetrachten wir einenQuantenpunkt mit einemeinzelnenEnergieniveau,der
•uber Tunnelkontakte schwach an ferromagnetischeZuleitungengekoppelt wird. Eine solche
Struktur nennenwir Quantenpunkt-Spinventil.

Diese Arbeit liegt im •Uberschneidungsbereich der ThemenkreiseSpinelektronik und
Transport durch Nanostrukturen. Ein Quantenpunkt-Spinventil zeigtsowohl die Ladungsef-
fekte wie Coulomb-Blockade eines gew•ohnlichen Quantenpunktes, aber auch die spin-
abh•angigenPh•anomeneSpinakkumulation und Tunnelmagnetowiderstand,welchevon mag-
netischen nichtwechselwirkenden Strukturen bekannt sind. Zus•atzlich zu den bereits be-
kannten E�ekten kann man in einem Quantenpunkt-Spinventil ein weiteres Ph•anomen
beobachten, dasausdem Wechselspielvon spinabh•angigenTunneln und starker Ladungs-
wechselwirkungentsteht: eineintrinsische KoppelungdesSpinsauf demQuantenpunkt an
die Kontaktmagnetisierungen,die zu einerPr•azessiondesQuantenpunktspinsf•uhren kann.
Die starke Wechselwirkung der Leitungselektroneninnerhalb desQuantenpunktes beein-

u�t daherdenSpintransport nicht nur indirekt •uber ihren Ein
uss auf denLadungstrans-
port, sondernauch direkt durch diesenVielteilchene�ekt. Das ist die Kernaussagedieser
Dissertation.

Ein Quantenpunkt verst•arkt die elektromagnetischeWechselwirkungzwischenLeitungs-
elektronendurch seinegeringeKapazit•at. Mit abnehmenderKondensatorgr•o�e verringert
sich auch dessenKapazit•at und die Ladungsenergiepro Elektron EC = e2=2C steigt. Dieser
Zusammenhangwird im Quantenpunkt ausgenutzt. Wenn die L•angenskala desQuanten-
punktes nur noch die Gr•o�enordnung von Nanometern (nm) betr•agt, besitzt er eine Ka-
pazit•at der Gr•o�e C = 10� 15 Farad. Bei einersolch geringenKapazit•at •ubersteigtdie n•otige
Energie,um auch nur eineeinzelneElektronenladungvon e � 1:602� 10� 19 Coulomb auf
den Quantenpunkt aufzubringen,die Energieskala der Temperatur. In diesemFalle f•uhrt
die klassische LadungsenergiedesQuantenpunkteszu stark korreliertem Transport. Durch
das Anlegen einer passendenGatterspannung kann ein Quantenpunkt in die so genannte
Coulomb-Blockade getrieben werden. Dann blockiert die Ladungsenergieweiteren Trans-
port durch den Punkt, und die Leitf•ahigkeit des Bauteils wird stark reduziert. Deshalb
fallen Quantenpunkte auch in die Klasseder Einzel-Elektronen-Transistoren.
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8 DEUTSCHE ZUSAMMENFASSUNG

Durch die ferromagnetische Ordnung in den Zuleitungen zu dem Quantenpunkt ist
deren Zustandsdichte an der Fermienergiespinabh•anging. Daher sind auch die Tunnel-
raten zwischen dem Quantenpunkt und den magnetischen Kontakten selbstspinabh•angig,
und damit der Tunnelstrom spinpolarisiert. In einem gew•ohnlichen Spinventil be�nden
sich zwei Ferromagnetein direktem Kontakt •uber nur eine einzelneTunnelbarriere. Die
Leitf•ahigkeit dieserKontaktstelle wird durch die relative Ausrichtung der beidenKontakt-
magnetisierungenbeein
usst. F•ur parallele Magnetisierungenist der elektrische Wider-
stand normalerweisegeringer als f•ur anti-parallele Magnetisierungen. DiesesPh•anomen,
welches technologisch z.B. in modernenFestplattenlesek•opfen eingesetztwird, bezeichnet
man als Tunnelmagnetowiderstand.

In einemQuantenpunkt-Spinventil sinddiebeidenferromagnetischenZuleitungendurch
einen einzelnen Quantenpunkt getrennt. Um in diesem Bauteil Tunnelmagnetowider-
stand zu beobachten muss die Spininformation von einem ferromagnetischen Kontakt
durch den Quantenpunkt zum anderenKontakt •ubertragenwerden. Dies geschieht durch
Nichtgleichgewichts-Spinakkumulation. Beim AnlegeneinerDurchlassspannung f•uhren die
spinabh•angigen Tunnelraten zur Akkumulation von Spin auf dem ansonstennichtmag-
netischen Quantenpunkt. In diesemFall gleicht ein einzelnesQuantenpunkt-Spinventil
zwei gew•ohhnlichen Spinventilen, die in Seriegeschaltet wurden. An jeder der beidenTun-
nelbarrieren,zwischendemFerromagenten auf der einenSeiteund demakkumulierten Spin
auf der anderen,tritt ein Tunnelmagnetowiderstand auf. Daher ist der Strom durch das
Quantenpunkt-Spinventil durch den SpinzustanddeseinzelnenNiveausim Quantenpunkt
bestimmt. Da die Richtung desakkumulierten Spins nicht statisch ist, sondernsich den
•au�eren Gegebenheitenanpasst,kann der Spin als Messinstrument verwendet werden,um
den Ein
uss der Ladungswechselwirkung auf den Spintransport zu beobachten.

Durch die Tunnelkopplung eineseinzelnenEnergieniveausin einemQuantenpunkt an
einenmetallischen Kontakt kommt eszu einerRenormierungdiesesEnergieniveaus.Wenn
der Kontakt ferromagnetisch ist, wird diese Renormierung spinabh•angig, was zu einer
Zeeman-•ahnlichen Aufspaltung desNiveausf•uhrt. Deshalbkann man dieseRenormierung
als eine Art magnetischesAustauschfeld betrachten. Im Kontext von Spintransport wird
dieseRenormierungdurch eineneueSpinstromkomponente beschrieben. Die Ausrichtung
diesesSpinstroms ist transversal zur Kontaktmagnetisierung wie auch transversal zum
Quantenpunktspin. Dieser Austauschmechanismus ist abh•angig von der Gatter- wie von
der Durchlassspannung. Deshalb kann man •uber diesenVielteilchene�ekt den Spinfrei-
heitsgraddesQuantenpunktes direkt mit der angelegtenSpannung ansteuern.

Um den Quantenpunktspin zu beein
ussen kann nat•urlich auch direkt ein externes
magnetischesFeld verwendetwerden. In diesemMagnetfeldpr•azediertder Quantenpunkt-
spin, was die Entstehung von Tunnelmagnetowiderstand unterdr•uckt. Mittels Messung
der Leitf•ahigkeit desQuantenpunkt-Spinventils als Funktion desangelegtenmagnetischen
Feldeskann man die Spinkoh•arenzzeitdesQuantenpunktes bestimmen. Eine solchesEx-
periment stellt eineelektrischeRealisierungeineroptischenHanle-Messungan einemeinzel-
nen Quantenpunkt dar.
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Die Arbeit gliedert sich wie folgt. Im Kapitel 1 werden die dem Quantenpunkt-
Spinventil zugrundeliegendenphysikalischenPh•anomenewieCoulomb Blockade,Spinakku-
mulation und Tunnelmagnetowiderstand eingef•uhrt. Die Struktur des Quantenpunkt-
Spinventils selber wird in Kapitel 2 besprochen. DiesesKapitel geht auch auf die gro�e
Auswahl von Realisierungsm•oglichkeiten einessolchen Systemsein. Im Kapitel 3 wird
beschrieben, wie sich Spin und Ladung auf dem Quantenpunkt an die •au�eren Rahmenbe-
dingungen anpassen. Zuerst wird der Spin- und der Ladungsstrom durch eine Tunnel-
barriere streng mathematisch abgeleitet. Danach berechnen wir den statischen Spin und
die Ladung auf dem Quantenpunkt durch deren jeweilige Kontinuit•atsgleichung. Der
sozusagenerzeugte Quantenpunktspin kann dann •uber seinen Ein
uss auf die Gleich-
stromleitf•ahigkeit ausgelesenwerden, was im Kapitel 4 diskutiert wird. W•ahrend die
Gleichstromleitf•ahigkeit den zeitgemittelten Quantenpunktspin mi�t, kann eine Messung
des Stromrauschens auch die zeitabh•angige Pr•azessioneinzelner Elektronenspinsdetek-
tieren (sieheKapitel 5).

UnserephysikalischeVorhersagensind nicht nur auf ein Spinsystemanwendbar,sondern
auf jedestunnelkontaktierte Zweiniveausystem.Zur Verdeutlichung diesesPunktes unter-
suchen wir im Kapitel 6 den Transport durch zwei Quantenpunkte, die in Seriegeschaltet
sind. In diesemSystem sind die relevanten Zust•ande nicht \spin-up" und \spin-down",
sondern\Elektron links" und \Elektron rechts".

Im Kapitel 7 widmen wir uns schlie�lic h der M•oglichkeit, den Quantenpunktspin nicht
nur mittels Transportmessungendurch ferromagnetische Zuleitungen zu detektieren, son-
dernauch optisch mittels Faraday-rotations-
uktuations-Spektrosopie.Hierzupr•asentieren
wir eine theoretische Beschreibung von k•urzlich ver•o�entlichen Experimenten. Dar•uber
hinausschlagenwir eineModi�k ation dieserExperimente vor, die esgestattet die inhomo-
geneVerbreiterung zu reduzieren,welche ansonstendie Messungder Spinkoh•arenzzeitT2

verf•alscht.

Am Ende der Arbeit fassenwir unsereHauptergebnisseim Kapitel 8 zusammen.
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In tro duction

The scope of this work will be the study of spin transport through nanostructures,which
exhibit strong charge interaction. Therefore, we theoretically discussthe simplest non-
trivial model system which is a single-level quantum dot weakly tunnel coupled to two
ferromagneticleads. We call this structure a quantum-dotspin valve.

The work presented here residesat the intersection of the two highly-interesting and
extensively-pursuedresearch �elds of spintronics on the one hand and transport through
strongly-interacting nanostructureson the other hand. A quantum-dot spin valve shows
charge-related physical phenomena,like Coulomb blockade, which are known for non-
magnetically contacted quantum dots. Furthermore it also shows spin-related e�ects like
spin accumulation and tunnel magnetoresistance,just like non-interacting magneticstruc-
tures would do. In addition to thesealready known e�ects, the strong charge interaction
leadsto a new phenomena,to an intrinsic coupling of the dot spin to the lead magneti-
zations, which can be an intrinsic sourceof spin precessionon the quantum dot. In other
words, the chargeinteraction doesnot only a�ects spin transport indirectly, via modifying
the charge transport, but directly via a many-body e�ect. This is the key observation in
this thesis.

The quantum dot ampli�es the chargeinteraction betweenconduction electronsby its
small capacity. The devicemakesuseof the fact, that with shrinking systemsize,alsothe
capacity C decreases,and the charging energyEC = e2=2C per excesselectron increases.
For an island with a length scaleof the order of nanometer(nm), typical capacitiesare of
the order of C = 10� 15 Farad. Then, the charging energyeven for a singleexcesselectron
charge e � 1:602� 10� 19 Coulomb can exceedthe energy scaleset by temperature. In
this regime,the interaction strongly correlateselectronictransport through the device. By
applying an appropriategatevoltage,the devicecanalsobe tuned to the socalledCoulomb
blockaderegime, where this charging energyblocks transport. Due to this functionality,
to changethe conductanceby a gate voltage, quantum dots are also referred to as single-
electron transistors.

The ferromagnetic leadsbear a spin-dependent density of states at the Fermi energy.
Sincethe tunnel rates through a barrier depend on thesedensity of states,alsothe tunnel
rates get spin dependent. In this way, the lead magnetizationscausea spin polarization
of the current, which crossesa tunnel barrier. In an ordinary spin valve, two ferromagnets

11



12 INTR ODUCTION

are directly in contact via a singletunnel barrier. Thereby the conductanceof the junction
dependson the alignment of the magnetizations.For a parallel alignment, the conductance
is usually higher than for an antiparallel alignment. This phenomenais called tunnel
magnetoresistance,and it already has technological applications for examplein magnetic
read headsin modern hard drives.

In the quantum-dot spin valve, the two ferromagnetsare separatedby a non-magnetic
quantum dot. To observe magnetoresistancein this device, the information about the
magnetization direction of one ferromagnetic lead must somehow be transmitted to the
other lead through the quantum dot. This can happen via a non-equilibrium spin on the
quantum dot. In the presenceof a biasvoltageapplied at the ferromagneticleads,the spin
dependenceof the tunnel rates causesnon-equilibrium spin accumulation on the single-
level quantum dot. In this case,one quantum-dot spin valve resembles two ordinary spin
valvesconnect in series. At each interface, betweena magnetizedlead and the polarized
dot state, tunnel magnetoresistanceoccurs. In this way electronic transport through the
quantum-dot spin valve is governed by the behavior of the single electron spin inside the
dot. Sincethe direction of dot-spin accumulation is not static, but adaptsaccordingto the
circumstances,the dot spin can be utilized for the detection of the in
uence of the strong
chargeinteraction on spin transport.

By tunnel coupling a single electronic level with strong charge interaction to a lead,
the level experiencesa renormalization of its energy. In the caseof a ferromagneticlead,
this renormalizationdependson the spin degreeof freedom,resulting in a Zeeman-like spin
splitting of the single level. This splitting can be interpreted as a magnetic-like exchange
�eld. Having the transfer of angular momentum in mind, this level renormalization can
be seenas a component of the spin current, which is perpendicular to both, the lead
magnetization and the dot spin. This exchangeinteraction sensitively dependson system
parameterssuch as gate and bias voltage. Therefore the voltages,via the exchange�eld
dependences,alsoprovide suitable handlesto manipulate the quantum-dot spin.

However, alsoan externally appliedmagnetic�eld candirectly manipulatethe dot spin.
In such an applied magnetic �eld, the dot spin precesses,which reducesthe magnetore-
sistanceof the device. By recording the increaseof the conductanceas responseto the
external magnetic �eld, which turns out to be an all electrical realization of an optical
Hanle experiment, onecan determinethe spin-coherencetime in a quantum dot.

The outline of this dissertation is as follows. Chapter 1 contains a generalintroduction
to transport though quantum dots, spin accumulation, and tunnel magnetoresistance.The
quantum-dot spin-valve structure is introducedin Chapter 2. This Chapter alsodiscusses
the di�erent possiblephysical realizationsof such a device. In Chapter 3 the dynamicsof
the dot spinandchargeis addressed.Starting from a rigid calculationof the spinandcharge
current through each tunnel junction, the master/Bloch equation for the charge/angular
momentum degreeof freedom is constructed from the charge/spin continuity equation.
From the Bloch equation we discusshow to prepare and manipulate the dot spin via
bias voltage, gate voltage, and an externally applied magnetic �eld. The dot spin can be
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detectedby its imprint on the dc� conductanceof the spin valve as shown in Chapter 4.
While the dc� conductanceis an adequateexperimental tool to accessthe time averaged
dot spin, the spin precessionof the individual electrons,tunneling through the device,can
be examinedvia the frequencydependent current noiseas discussedin Chapter 5.

The spin of the quantum dot represents a generic two level system. Therefore, the
physical predictions for the quantum-dot spin valve can also be translated to di�erent
contexts, for example to transport through double quantum dots. To demonstrate this
point, we examinethe serial double quantum-dot systemin Chapter 6.

In Chapter 7 we discussthe possibility, to detect the spin dynamicsnot only by trans-
port but also in an optical way, namely by Faraday-rotation 
uctuation spectroscopy. We
theoretically describe recent experiments and furthermore proposea modi�cation of this
experimental technique, which allows one to measurethe spin relaxation time T2 in semi-
conductorswith reducedinhomogeneousbroadening.

Finally, in Chapter 8 we summarizethe main results presented in this work.
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Chapter 1

In tro duction to Coulom b Blo ckade,
Tunnel Magnetoresistance and Spin
Accum ulation

In this Chapter we give an elementary introduction to the di�erent physical e�ects, ap-
pearing simultaneously in a quantum-dot spin-valve device.

1.1 Coulom b Blo ckade

The most elementary deviceto examinethe quantization of charge in a transport experi-
ment is the single-electrontransistor (SET). The deviceconsistsof an island, either metallic
or semiconductor,which is contacted by tunnel barriers to two leads,seeFig. 1.1.

VG

island
left right

leadL VRlead
V

Figure 1.1: A single-electrontransistor.

A current can be driven through the island by applying a bias voltage V = VL � VR .
With a gatevoltageVG the electrochemicalpotential of the island canbe controlled. If the

15



16 CHAPTER 1. INTR ODUCTION TO...

sizeof the island, and therefore its capacity is su�cien tly small, the energyto charge the
island with a singleelectroncanexceedthe energyscalesetby temperature. In this regime,
the classicalcharging energycausesa strong interaction between the excesselectronson
the dot, which severely modi�es the transport behavior of the SET device.

In the simplestcase,a small applied biasvoltagetransferselectronsoneby onethrough
the structure, seeFig. 1.2. If the island is empty, an electronfrom the source(left) electrode
can tunnel in. Due to the electrostatic repulsion, no other electron can tunnel onto the
island, aslong asthis oneexcesselectronis occupying the central region. The electronmust
�rst leave the island to the drain (right) lead, before the next transport cycle can start.
This transport mechanism is namedsequential tunneling of electrons,and is described by
the so called orthodox theory [1{3].

Step 1

L R

Step 2

L R

Step 3

L R

Figure 1.2: By sequential tunneling, an electron is transfered through the single-electron
transistor. Thereby, charge interaction prohibits the island to be occupiedby two excess
electronsat any time.

The charging energyof the island is given by its total capacity, which is the sum of the
capacitiesof the tunnel barriers CL and CR , as well as the capacity to the gate electrode
CG. By applying a gate and bias voltage, the energeticallymost favorable excesscharge
on the island equalsenx = CL VL + CRVR + CGVG. The charging energyof the island is
then a function of the externally imposedchargenx and the natural number N of excess
electronson the island

Ech(N; nx ) =
e2

2C
(N � nx )2 ; (1.1)

together with additional (but unimportant) terms, which are independent of N . When
at a �xed nx the island is occupiedby N electrons,an incoming electron from the source
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(left) lead must bear at least the energyEch(N + 1; nx ) � Ech(N; nx ) to enter the island,
seeFig. 1.3, otherwisethe tunnel event into the island is energeticallyforbidden.
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E(N+2)-E(N+1)

L R

Figure 1.3: Energy pro�le of the quantum-dot structure.

At this point, the sizeof the island becomesrelevant. If the sizeof the island is large
comparedto the Fermi wave length, the density of statesof the island is continuous, i.e.,
the island has metallic character. In this regime, the electronsneedan energy equal or
larger than Ech(N + 1; nx ) � Ech(N; nx ) to be able to tunnel onto the island. In this
work, we considerthe opposite regime, where the sizeof the island is comparableto the
Fermi wave length. Due to the strong spatial con�nement, quantum mechanical momen-
tum quantization yields a discreteenergyspectrum of the island. Thereforethe incoming
electronsmust bear exactly the energy Ech(N + 1; nx ) � Ech(N; nx ) to enter the island.
Such a structure with a discrete density of states is usually referred as quantum dot. In
the following work, we will exclusively discussquantum dots.

The notion of such a deviceas a `transistor' is motivated by the fact, that the current
through the devicecan be a�ected by gate voltage VG via an e�ect called `Coulomb block-
ade'. When transport is possiblethrough the quantum dot dependson the condition, that
an electroniclevel of the dot lieswithin the energywindow de�ned by the sourceand drain
chemical potential, seeFig. 1.4. If a dot state lies within this window, an electron from
the sourceelectrode can tunnel onto the dot, and subsequently tunnel out to the drain
lead. If no electronic state lies within this energywindow, all dot levels below the leads'
Fermi energiesare occupiedby electrons,while all levels above are empty. The number of
electronson the island is �xed, and transport is suppressedby Coulombblockade.

For small bias voltage, the di�erential conductanceG = @I =@VjV =0 of a quantum dot
exhibit Coulomboscillations as a function of the applied gate voltage VG, seeFig. 1.5. At
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Figure 1.4: If a dot state lies within the bias voltagewindow of the leads,current cancross
the quantum dot. If no level is available in this window, the charge of each dot level is
�xed to be either zeroor one,and electrostaticcharging energyprohibits chargetransport.
This is called Coulomb blockade.

�xed bias voltage, the electronicstructure of the dot can be shifted in energyproportional
to VG. Each time, a dot level coincideswith the leads' Fermi surface,a conductancepeak
arises.Thereforethe di�erential conductancemapsthe electronicstructure of the quantum
dot.
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Figure 1.5: The conductanceas function of the gate voltage shows Coulomb oscillations.
Each time, an electronic level coincideswith the leads' Fermi energy, electronscan pass
through the device.

There are several di�erent realizationsof such a single-electrontransistor possible.The
most commonrealization, which wasalsooneof the systemswhereCoulomb blockadewas
�rst observed by Fulton and Dolan in 1987[4], is a lithographically patterned metallic is-
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land. The currently bestcontrolled way to form quantum dots is, to takea two-dimensional
electrongasin a semiconductorheterostructure,and pattern the dot by top gateelectrodes.
This method was �rst demonstratedby Scott-Thomaset al. [5]. However there exist a va-
riety of di�erent methods to form SETs like molecular islandssuch as carbon nanotubes.
For selectedreviews,seeRef. [6].

1.2 Tunnel magnetoresistance

Spintronics, or spin electronics, refers to the idea of employing not only the charge of
electronsbut also their spin for certain deviceoperations. This idea covers quite a broad
�eld of research, seefor examplesthe reviewsby Prinz [7], Wolf et al. [8], or Zutic et al.
[9]. Here we focus on one of the most important conceptsof spintronics, to generate
electricalresistancechanges,socalledmagnetoresistancee�ects, by the useof spinpolarized
conduction electrons.

The simplest way to generatemagnetoresistancee�ects is to useferromagneticmate-
rials. Due to the ferromagneticorder in this materials, an internal �eld of the order of
Teslaarises,which signi�cantly in
uences the band structure. Thereforerelevant material
parameterslike density of states,Fermi wave length or mobilit y depend on the spin degree
of the electrons.The Fig. 1.6 shows typical density of statesof a 3d� ferromagneticmetal,
sinceespecially the ferromagneticelements Fe, Co, and Ni have technological relevance:
they are stable at room temperature, cheap,and can be processedreliably.

There exist di�erent typesof magnetoresistancee�ects. The most important onesare
the giant magnetoresistance(GMR) [10,11]and the tunnel magnetoresistance(TMR) [12].
If two ferromagneticlayers are separatedby a thin conducting non-magneticlayer in the
caseof GMR, and by a tunnel barrier in the caseof TMR, the resistanceof the junction
dependson the relative alignment of the magnetization directions. The deviceresistance
is small for parallel magnetizations,and increasesfor antiparallel aligned magnetizations.

The magnetoresistancee�ects have already technologicalapplications. By pinning one
layer, and letting the other ferromagneticlayer align freely with an external magnetic�eld,
the device acts as magnetic �eld sensor. If the free layer has two preferred alignments,
leading to a stable high or low resistancestate, the device can be used as non-volatile
memory cell, creating a magnetic random accessmemory (MRAM) [13,14]. While the
sensoringdevice is already in use in modern hard drives, and as rev meter in anti-lo ck
breaking systems,MRAMs are expectedto becomeready for market in the next years.

The �rst measurement of tunnel-magnetoresistancein a singleF=I =F junction was re-
ported by Julli �ere[12],and reproducibleobservedby Maekawa and G•afvert [15]. The study
of tunnel magnetoresistancebecametechnological relevant when Miyazaki et al. [16] and
Moodera et al. [17] developed devices,which showed reasonabletunnel magnetoresistance
at room temperature.
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Figure 1.6: Typical density of statesof a 3d� ferromagneticmetal. The internal �eld shifts
the band structure of spin up and spin down electronsagainst each other. This causesa
di�erent density of statesof the two spin components at the Fermi energy� F .

In order to interpret his measurement, Julli �ereproposed,that for each spin channel � ,
the tunnel probability is proportional to the density of states(DOS) � � r (EF ) in the source
(r = L) lead, and in the drain (r = R) lead. For parallel alignedferromagnets,the current
is thereforeproportional to the product of the DOS in the two leads

I �� / � " L (EF ) � " R(EF ) + � #L (EF ) � #R(EF ) ; (1.2)

and similar for an antiparallel alignment

I �� / � " L (EF ) � #R(EF ) + � #L (EF ) � " R(EF ): (1.3)

From the spin dependenceof the DOS in ferromagnets� " r (EF ) > � #r (EF ) directly follows
the occurrenceof tunnel magnetoresistancesinceI �� > I �� .

In the parallel case,the main contribution of the current is carriedby electronstunneling
from a majorit y state in the sourcelead to a majorit y state in the drain lead. In the
antiparallel case,transport must occur either through the minority states in the source
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Figure 1.7: Tunnel magnetoresistanceis causedby the spin dependenceof the density of
statesat the Fermi energy.

leador the minority statesin the drain lead. Quantitativ ely, the tunnel magnetoresistance
is described by the TMR-ratio

TMR =
I �� � I ��

I ��
=

2pLpR

1 � pLpR
; (1.4)

wherepr = (� " r � � #r )=(� " r + � #r ) describesthe degreeof spin polarization of the respective
lead at the Fermi edge. A non-magnetic lead would bear a polarization of pr = 0, and
pr = 1 corresponds to a half metallic lead, carrying majorit y spins only. Julli �ere's model
wasextendedby Sloncewski[18], to describe spin valveswith arbitrary anglesbetweenthe
magnetizationdirections of the two layers. If the two magnetizationsenclosean arbitrary
angle � , the probability of a majorit y-sourceelectron to tunnel in a majorit y-drain state
is proportional to cos2(�= 2), and its probability to tunnel in a minority-drain state equals
sin2(�= 2). Thesecoe�cien ts just re
ect the projection of the spin state of the electron in
the sourcelead on the drain lead magnetization direction. The tunnel magnetoresistance
then becomes

I (� ) � I ��

I ��
=

2pL pR

1 � pL pR
cos2

�
2

: (1.5)
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This cosine-like angular dependenceof the tunnel magnetoresistancewas experimen-
tally observed by Moodera et al. [19] and Ja�r �eset al. [20]. It is worth to mention, that
Sloncewski'smodel of tunnel magnetoresistanceis a very crude one, which neglectsfor
exampleany sort of interface e�ects. Therefore the model is more suitable to understand
the generaltendencyrather than to make quantitativ e prediction. For latter, moresophis-
ticated theoriesare required like a spin mixing conductanceapproach [21].

1.3 Spin accumulation

Another important concept of spintronics will appear in a quantum-dot spin valve: spin
accumulation. Considera large (non-interacting) metallic region,which hastwo ferromag-
netic contacts, and the magnetizationsof the contacts are alignedantiparallel, seeFig. 1.8.
In this structure, we can assume,that electronswith an up spin are completely indepen-
dent from electronswith down spin [22,23]. If a bias voltage is applied at the contacts,
the chemical potential of the middle region will adjust in such a way, that the incoming
particle 
o w from the left lead will be equal to the outgoing 
o w to the right lead.

�V 0normal metal

DOS
DOS

DOSeV

Figure 1.8: Due to the spin dependent interface resistances,electronswith up and down
spinshave di�erent Fermi energieson the island.

The current through each interface is given by the respective voltage di�erence and
interface resistance. Due to magnetoresistance,these interface resistancesdi�er for the
two spin channels. For onespin component the left interface is more transparent than the
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right, for the other spin, the right is moretransparent than the left. Thereforethe chemical
potential on the island is di�erent for the two spin components, i.e., one spin component
accumulates on the island. This e�ect was �rst observed by Johnsonet al. [24] in an Al
bar contacted by Fe leads,and nowadays spin accumulation is extensively studied, seefor
example Ref. [25]. It is worth to mention, that spin accumulation is a non-equilibrium
e�ect, i.e., it vanisheswithout bias voltage.
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Chapter 2

The Quan tum-Dot Spin Valv e

A quantum-dot spin valve consistsof a single-level quantum dot, which is tunnel contacted
to ferromagneticleads,seeFig. 2.1. The direction of magnetizationof the leadr (r = L=R)
is given by the vector n̂ r . Further, gate and bias voltage can be applied. The latter can
causethe accumulation of a non-equilibrium spin S on the dot. Sincethe tunnel barrier
capacitiesscaleonly linearly with contact area and thickness, they are often fabricated
in a controlled fashion. Therefore, for simplicity, we assume,that the capacitanceof the
left and right tunnel contact is equal. The bias voltage drop over the two barriers is then
symmetric and equals� V=2.

fGL GR
V
2+V

2
�

nL
nR

RL

S

VG

Figure 2.1: Sketch of a quantum-dot spin valve.

In the literature the problem of contacting an interacting nanostructure to ferromag-
netic leadsis discussedin a variety of di�erent limits. Mostly it is assumed,that the mag-
netizations of the leadscontacting the quantum dot [26{29], or the metallic island [30{34]
are alignedcollinear. The assumptionof collinearity considerablysimpli�es the theoretical
analysis, and the mostly used approach to guessthe transition rates between lead and
dot is successful.However, in thesecollinear structures, the majorit y and minority spin
states, which are injected from the leads into the dot are energy eigenstatesof the dot
system. Therefore,in contrast to the non-collinearsetup, there is no coherent evolution of

25
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the spin state, i.e., spin precession,observable. If one wants to examinethe in
uence of
a coherent spin evolution on transport, one has to break the rotational symmetry of the
systemaround the leadmagnetizationsby either non-collinearleadmagnetizationsor by a
transversal applied magnetic �eld. However, as we will seein the following Chapters, the
breakingof the rotational symmetry leadto a much morecomplicatedsituation, which can
no longerbe handledcorrectly with the approach to guessthe rates,but a rigid calculation
will be necessary.

Another already discussedlimit is to allow arbitrary anglesbetweenthe lead magneti-
zations,but to treat the chargeinteraction on the central island perturbatively [35]. Since
in quantum dots the charge interaction is the dominant energyscale,we are interestedin
treating the chargeinteraction exact. The price to pay is in this case,that tunneling must
be treated as perturbation.

2.1 Mo del Hamiltonian

The structure of a Hamiltonian describing tunneling is H = H0 + HT . The part H0

describes the decoupledsystemsand HT the tunneling betweenthese. In the caseof the
quantum-dot spin valve [36], the decoupledsystemsinclude the two ferromagneticleads,
HL and HR, and the quantum dot Hdot , that

H = Hdot + HL + HR + HT : (2.1)

Sincewe considera quantum dot with a level spacingexceedingthermal broadening,
intrinsic linewidth, applied bias voltage and charging energy, only a singleelectronic level
contributes to transport. In this limit, the quantum dot can be treated as an Anderson
impurit y [37]:

Hdot =
X

n= "#

"ndy
ndn + U dy

" d" d
y
#d# : (2.2)

The Fermion creation and annihilation operatorsof the dot electronswith spin n = " ; # are
labeleddy

n and dn . This Hamiltonian describesan atomic like energylevel at an energy" ,
measuredrelative to the equilibrium Fermi energyof the leads. Double occupation of the
level coststhe additional charging energyU. If an external magnetic �eld B ext is applied,
the spin quantization axis of the quantum dot is chosento be parallel to this �eld. Then,
the e�ect of the magnetic �eld is the spin-dependent splitting of the energy level by the
Zeemanenergy� = g� B jB ext j.

The two ferromagneticleadsare treated as large reservoirs of itinerant electrons

H r =
X

r k�

" r k� cy
r k� cr k� (r = L=R) : (2.3)
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The Fermion operatorsof the leadr are labeledby c(y)
r k� , wherek labelsthe momentum and

� = � the spin. The spin quantization axis for the electronsin reservoir r is chosenalongits
magnetizationdirection n̂ r . In the spirit of the Stonermodel of ferromagnetism,weassume
a strong spin asymmetry in the density of states� r ;� (! ) for majorit y (+) and minority (� )
spins. Without loss of generality we de�ne the spin type as 'majorit y' which has the
larger DOS at the Fermi energy. Furthermore we assumethe direction of magnetization
to be parallel to the direction of majorit y spins. In the following, the densitiesof states
are approximated to be energy independent � r ;� (! ) = � r ;� . Real ferromagnetshave a
structured density of states. This will modify details of our results but not change the
generalphysical picture. The asymmetry in the density of states is characterizedby the
degreeof spin polarization pr = (� r + � � r � )=(� r + + � r � ) with 0 � pr � 1. The polarization
pr = 0 corresponds to a non-magnetic lead, and pr = 1 describes a half-metallic lead,
carrying majorit y spins only. The magnetization directions of the leads can di�er from
each other, enclosingan angle � = ^ (n̂L ; n̂R). Furthermore, the leadsshall be so large,
that the electronscan always be described as in equilibrium by the Fermi distribution
function f r (! ). An applied bias voltage is taken into account by a symmetric shift of the
chemicalpotential in the left and right lead by � eV=2. In Fig. 2.2, the energeticstructure
of the quantum dot is sketched.

e

Energy

0

�eV/2

eV/2

RL

e+U

Figure 2.2: Energy schemeof the quantum dot. The central region,containing the atomic-
like energy level is separatedfrom the leads by tunnel barriers. The di�erence of the
electrochemicalpotentials of the left and right lead describesa symmetrically applied bias
voltage.
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The tunnel Hamiltonian in Eq. (2.1) connectseach lead to the quantum dot by

HT =
X

r k�n

�
Vr k�n cy

r k� dn + h:c:
�

: (2.4)

As we have chosendi�erent spin-quantization axesfor the lead subsystems(parallel to the
respective magnetizations) and for the dot subsystem(parallel to an external magnetic
�eld), the tunnel matrix elements Vr k�n are not diagonal in spin space. However, we
require that tunneling is spin conserving. The tunnel amplitudes can then be separated
in Vr k�n = t r k � Ur

�n , i.e., a spin independent tunnel amplitude t r k and a SU(2) rotation
matrix Ur

�n . The explicit shape of the matrix is determinedby the geometriccon�guration
of the lead magnetizationdirections and the magnetic �eld direction.

2.2 De�nition of the tunnel coupling strength

The strengthof the tunnel couplingis quantitativ ely describedby � r � (! ) = 2�
P

k jt r k j2� (! �
" r k� ), which resemblesFermi's goldenrule. For simplicity, we assumethe density of states
� r � =

P
k � (! � " r k� ) and the tunneling amplitudest r to beindependent of energy, which im-

pliesconstant tunnel couplings� r � . If the tunnel barriers themselfare not spin dependent,
the couplingsarealsorelatedto the leads'spinpolarization by pr = (� r + � � r � )=(� r + + � r � ).
Often, it is lessconvenient, to usethe spin dependent tunnel couplings� r � , but instead to
parameterizethese by the polarization pr and the average tunnel coupling to the lead
� r =

P
� = � � r ;� =2. The total lead{dot coupling is then described by the parameter

� = � L + � R .

We will restrict ourself to the limit of weakdot{lead coupling, so that tunneling events
arerather rare. Then betweensuccessive tunnel events all quantum mechanicalcorrelations
in the leads,which were generatedby the tunneling of an electron, are already decayed.
In this limit each tunnel event can then be treated as separate. While the averagetime
betweentunneling is given by the inversetunnel rate, the equilibration time of the leads
is given by the inversetemperature. Therefore,oneparameter regimeconstraint is � r � �
kBT. Further we have to exclude secondorder transport (cotunneling) which becomes
important in the Coulomb blockade regions[38] or the Kondo regime, seee.g. Ref. [39].
Technically, we present a theory, which takes into account the charge interaction and the
spin dynamics on the dot exactly, but treats the tunnel rates and all other subsequently
derivedquantities likeconductanceand noiseonly up to �rst order in the parameter� =kBT.

This approach of calculating all rates up to �rst order in � is often called sequential
tunneling. Sincein this regime, the tunnel events are often intuitiv ely accessable,several
publications try simply to guessall possibletunnel events. While this ad hoc approach gives
the correct result for the simplestquantum-dot systems,it fails if the quantum-dot system
bearsanother degreeof freedombesidescharge. In such more complicated systems,the
lowest order transport is alreadyin
uenced by tunnel inducedenergylevel renormalization
e�ects [40], which can not be guessedeasily.
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The energylevel renormalization is of the order of the tunnel couplingstrength. There-
fore transport is usually only a�ected by this renormalization in the secondor higher order
contributions in �. However, the energyrenormalization builds up a relative quantum me-
chanical phaseof the electronsproportional to the renormalization energy (proportional
�) times the time, the electronstays inside the dot, which is given by 1=�. The renormal-
ization generatedphase,which the electronsaccumulate during their stay on the quantum
dot, is thereforeindependent of �. If the additional degreeof freedomof the quantum-dot
systemre
ects this accumulated phase,then, already the �rst order tunnel current can be
a�ected by the renormalization.

In the herediscussedquantum-dot spin valve system,the additional degreeof freedom
of the dot is its non-equilibrium spin. The spin dependent level renormalization generates
a relative phasebetween spin up and down, yielding a rotation of the spin. The spin
precesseson the dot aslong asit stays on the dot. Thereforethe angleof precessionis now
the product of time and precessionangular velocity, i.e., independent of �. Sincein the
quantum-dot spin valve this relative anglebetweendot spin and the contact magnetization
direction generatemagnetoresistance,the energy level renormalization a�ects the lowest
order transport.

2.3 Reduced densit y matrix of the quan tum dot

Sincethe leadsaremodeledby non-interacting fermions,which areassumedto stay always
in equilibrium, their degreesof freedomcan be integrated out. To describe the quantum-
dot spin valve one does only need to considerthe reduceddensity matrix � dot (t) of the
quantum dot. This density matrix contains the information about both, the chargeand the
spin state of the dot. Sincethe quantum dot consistsof a singleelectroniclevel, the basisof
the Hilbert spaceis given by the states� = 0 (empty dot), " (dot occupiedwith onespin-
up electron), # (dot occupiedwith a spin-down electron), and d (double occupancyof the
dot). The reduceddensity matrix � dot is a 4 � 4 matrix with the elements P �

� 0 � (� dot )�� 0.
In matrix notation, we get

� dot =

0

B
B
@

P0 0 0 0
0 P" P "

# 0
0 P#

" P# 0
0 0 0 Pd

1

C
C
A : (2.5)

The diagonal, real entries P� � P �
� are the probabilities to �nd the dot in the state empty

(� = 0), occupiedwith onespin up (� = " ) or onedown (� = #) electron,or doubleoccupied
(d) with a spin singlet. The zerosin Eq. (2.5) in the o� diagonalsare a consequenceof the
total particle number conservation. The inner 2 � 2 matrix is the SU(2) representation of
the dot spin.

The reduceddot density matrix contains �v e independent parameters,sincethe trace
of the density matrix is normalized: P0 + P" + P# + Pd = 1. It is often more intuitiv e
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and convenient, to describe the quantum-dot state by the probabilities for the three charge
statesP0, P1 = P" + P#, and Pd and the averagespin vector S = (P "

# + P#
" ; iP "

# � iP #
" ; P" �

P#)=2. The magnitude of the averagespin S lies betweenzero,for an unpolarizeddot, and
~=2, if the quantum-dot electron is in a pure spin state.

2.4 Exp erimen tal realizations of a quan tum-dot spin
valv e

The experimental realization of a quantum-dot spin valve is quite challenging, sinceone
must combine ferromagnetic, i.e., typically metallic leadswith quantum dots, which are
usually semiconductorstructures. One way to overcomethis material mismatch is to use
spin injection from a ferromagneticsemiconductorinto quantum dots asobserved by Chye
et al. [41].

Recent experimental approachesto measuretransport through such a quantum-dot spin
valve involve purely metallic systems,which are patterned by state of the art photolitho-
graphical techniques, as done by Ono et al. [42], or by Za�alon et al. [43], seeFig. 2.3.
The advantage of this approach is, that the structures can be reproducible generatedwith
well de�ned dimensionsand properties, like tunnel couplings. While in this structures spin
accumulation was extensively studied, the sizeof the structures are too large to show size
quantization e�ects. Therefore the islands can not be described by the Anderson model
we use.

By embeddingmetallic grainsin a tunnel junction betweentwo ferromagneticlayers,the
structure dimensionbecomesmuch smallerthan what canbeachievedby photolithography.
To form theseislands,Zhanget al. [44]usedAl grains,while Schelp et al. [45]and Yakushiji
et al. [46,47] usedCo clustersembeddedin an insulating Aluminum oxide tunnel barrier.
The main disadvantage of thesegranular structures is that usually transport through an
ensemble of dots is measured,which can causean average-outof certain features.

Deshmukh et al. [48] succeededin contacting a single grain. They created a nano-
pinhole in an isolating Si3N4 layer, depositedan Al-lead on oneside,and Al grains, isolated
by an oxide layer, together with a ferromagneticlead on the other side. Thereby only one
Al grain wascontacted by both leadsthrough the pinhole. This deviceshowed clearcharge
as well as size quantization e�ects. The only di�erence to the here discussedquantum-
dot spin valve is, that only one lead was ferromagnetic. In that speci�c experiment, the
other leadwaschosento becomesuperconducting,however, a devicewith both leadsbeing
ferromagneticis in work.

A di�erent approach to form quantum dots is to contact individual molecules. A
molecular device is the smallestpossiblestructure. Due to their superior smallness,such
devicescan show charge and sizequantization even at room temperature. A very stable
realization of a molecular quantum-dot spin valve can be realized by carbon nanotubes



2.4. EXPERIMENT AL REALIZA TIONS OF A QUANTUM-DOT SPIN VALVE 31

Nano�pinhole
Molecular systems

Grains in tunnel barrier
Carbon Nanotubes

Lithographical islands

PdNi PdNiCNTXAlO

Co

Co

Al

3 4Si  N

Al  O2 3

Al

Al
Co

Ni NiC60

XAlO

Al
Si substrate

Co Co

Figure 2.3: Di�eren t possiblerealizationsof a singleelectrontransistor with ferromagnetic
leads.

[49,50]. Due to their length, onecan cover each end of a tube by a separateferromagnetic
lead like Fe [51] or Co [52,53], and measuretransport through the molecule.However, the
barriers are usually rather thin, that the transport through the devicecan not always be
described by lowest order transport, which will be the focusof this work. Recently Sahoo
et al. [54] observed tunnel magnetoresistancein transport through a nanotube. They used
a PdNi alloy for the contacts. This material hasproven to form very good tunnel barriers
to the nanotubes. Moreover, they observe an oscillation of the tunnel magnetoresistanceas
function of the gatevoltage. This e�ect may bea result of the further discussedmany-body
exchangee�ect, or due to a singleparticle mixing conductancemechanism asproposedby
Cottet et al. [55].

Another molecularspin-valve devicewasmanufactured by Pasupathy et al. [56]. They
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formeda nano-trench in a Ni layer by electromigration,and then trappeda C60 moleculein
between. Thereby they observed the Kondo e�ect, wherethe Kondo peak was split. This
splitting as predicted by Martinek et al. [39] due to the many-body exchangecoupling to
the ferromagnetic leads. The following work will discussthe samee�ect but not in the
strong coupling / Kondo regime,but in the weak coupling regime,which can be described
by sequential tunneling.

The rapid technological advantages of spin polarized scanning tunneling microscopy
(STM) [57] o�ers another possiblerealization of a quantum-dot spin valve. One could
contact a surfaceimpurit y on a ferromagnetic substrate by the ferromagnetic STM tip.
Then the surfaceimpurit y would serve as quantum dot, and tip and substrate as leads.
The contacting of a surfaceimpurit y (by paramagneticleads) was already demonstrated
by Manassenet al. [58] and Durkan et al. [59], which triggered a seriesof theoretical
works [60{64], related to this dissertation.



Chapter 3

Dynamics of the Quan tum-Dot
Charge and Spin

Sincethe quantum dot consistsonly of a singleatomic level, its chargestate is completely
characterizedby the probability to measurenone,oneor two electronson the structure. In
equilibrium (in the weakcouplingregime)theseprobabilities would begivenby Boltzmann
factors. By applying a �nite source{drain voltage to the quantum-dot system,the charge
occupation probabilities will not longer follow the equilibrium distribution, i.e, they are `a
priori' unknown. However, the static dot charge state can be determined via the conser-
vation law of charge. The electrical currents through the interfaceschangethe charge on
the dot. Therefore, the static dot state is characterizedby the condition, that the sum
of all incoming time-averagedelectrical currents vanish. On the other side, the current
through each interface can be calculated as function of the (unknown) charge occupation
probabilities. Therefore,onecan construct a systemof linear equations,which determine
the time-averagedchargestate of the dot, out of the continuity equations.The socalledor-
thodox theory to construct a masterequation from the tunnel rates through the interfaces
is conceptionallyequivalent [1,2].

Sinceweassumethe quantum dot to benon-magnetic,the averagespin on the quantum
dot doesvanish in equilibrium. However, if the contact leadsare ferromagnetic,as in the
caseof a quantum-dot spin valve, the dot can not only bear a non-equilibrium charge,but
alsoa non-equilibrium spin state. The tunnel coupling betweenthe quantum dot level and
spin-polarized leadsyields a transfer of angular momentum acrosseach tunnel junction.
The stationary value of the dot spin can again be determined by balancing all incoming
currents of angular momentum. In contrast to the caseof charge, there are also other
sourcesof angular momentum possiblebesidethe (spin) currents through the interface: an
externally applied magnetic �eld can act asadditional sourceand intrinsic spin relaxation
on the dot as additional sink of angular momentum.

Instead of constructing the systemof masterequationsout of the continuity equations,
asdonein this Chapter, onecan alsodirectly calculatethe quantum mechanical transition
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Figure 3.1: a) The dot charge changesdue to the electrical current through the tunnel
barriers. b) The dot-spin continuity equation contains also other sourcesand sinks of
angular momentum: an external magnetic �eld B ext and intrinsic spin-
ip relaxation on
the dot on the time scale� sf.

ratesbetweenthe individual quantum dot chargeand spin states[1,2]. In our �rst publica-
tion [Phys. Rev. B , 195345(2004)], we followed this rate equation approach. Thereby we
rigidly calculated the required transition rates with a diagrammatic technique [65], which
was especially designedto describe transport through quantum dots. In Chapter 5, we
will usethis diagrammatic technique to discussthe current noisethrough the quantum-dot
spin valve.

3.1 Balancing charge curren ts

The current through each tunnel barrier r = L; R equalsthe changeof the charge eN̂r =
e

P
k� ay

r k� ar k� in the respective lead r . From the Heisenberg time evolution of the density
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operator, we get

Î r = � e
@̂Nr

@t
= �

e
i~

[N̂r ; HT ]

= �
e
i~

X

k�� n

Vr k�n cy
r k� dn � V ?

r k�n dy
n cr k� : (3.1)

With the de�nition of the Keldysh Green'sfunctions G<
n;r k� (t) = ihcy

r k� (0) dn(t)i , the time-
averagedcurrent through tunnel contact r equals

I r = �
e
h

X

k�n

Z
d!

�
Vr k�n G<

n;r k� (! ) � V ?
r k�n G<

r k�;n (! )
�

: (3.2)

In Ref. [66] Meir and Wingreen useda Dyson equation, to relate the Green's functions,
containing one dot and one lead operator each, to the full lead electron Green's func-
tion and the full dot Green's function. Since the leads are assumedto stay always in
equilibrium, we can usetheir equilibrium Green'sfunctions: g<

r k� = 2� if +
r (! )� (! � " r k� ),

g>
r k� = � 2� if �

r (! )� (! � " r k� ), gret
r k� = 1=(! � " r k� + i0+ ), and gadv

r k� = (gret
r k� )? [67]. Thereby

f +
r labels the Fermi distribution function of the lead r and f �

r = 1 � f +
r .

Only the dot Green'sfunctions must be derived. One possibility to determine the dot
Green's functions is explained in Appendix A. It is worth to mention, that to calculate
the current in the sequential tunneling limit, only the Green's functions, which are of
zeroth order in tunneling, are needed.Thereby, the zeroth order Green'sfunctions are not
the equilibrium Green'sfunctions, but are itself functions of the unknown density matrix
elements P �

� of the quantum dot. The expressionfor the current through a tunnel interface
in �rst order in � follows as

I r = � r
2(� e)

~

"

f +
r (" )P0 +

f +
r (" + U) � f �

r (" )
2

P1 � f �
r (" + U)Pd

� pr

�
f �

r (" ) + f +
r (" + U)

�
S � n̂ r

#

; (3.3)

with the de�nition of the tunnel coupling as � r � (� r " + � r #)=2.

The time-averageddot spin S in
uences the conductancevia the scalarproduct (S� n̂ r ).
Thereforethe tunnel magnetoresistancegeneratedby each tunnel junction dependscosine
like on the relative angleenclosedby leadmagnetizationand spin polarization. This tunnel
magnetoresistanceresembles the behavior of a tunnel junction betweentwo ferromagnetic
contacts [12,18{20]. However, in contrast to the single tunnel junction, consideredby
Julli �ere and Slonczewski,where the directions of magnetizationsare external parameters,
in the quantum-dot spin valve the direction of the dot spin polarization is a dynamic
variable, controllable by gate and bias voltage as well as by an external magnetic �eld.
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The continuity equation connectsthe static averagedot charge ehN̂ i = e
P

n nPn to
the currents through the interfaces:

0 = e
dhN̂ i

dt
= I L + I R : (3.4)

Moreover, the stationary condition does not only require, that the total charge is con-
stant, but that each of the occupation probabilities Pi do not vary in time. In lowest
order transport, which we considerhere,we can split the chargecontinuity Eq. (3.4) into
two independent equationsassociated with transport processesin which either a double
occupied or an empty dot is involved. The a�liation to either contribution is indicated
by the arguments of the Fermi functions, where the presenceof the interaction energyU
indicatesprocesseswith double occupation and the absencesignalsprocessesinvolving an
empty dot. The stationary conditions for the two chargestatesseparatelyare then

0 =
dP0

dt
=

X

r

� r

 

f +
r (" )P0 � f �

r (" )P1=2 � pr f �
r (" )S � n̂ r

!

(3.5)

0 =
dPd

dt
=

X

r

� r

 

f +
r (" + U)P1=2 � f �

r (" + U)Pd � pr f +
r (" + U)S � n̂ r

!

; (3.6)

and dP1=dt = � dP0=dt� dPd=dt, which follows directly from the probability normalization
condition P0+ P1+ Pd = 1. In this way, the chargecontinuity equationde�nes three master
equationsfor the three charge degreesof freedom. However, theseequationsstill depend
on the time-averagedspin of the quantum dot.

3.2 Balancing spin curren ts

The static spin on the quantum dot is given by the condition, that the sum of all sources
of angular momentum vanish. For a careful treatment of the total transfer of angular
momentum through the tunnel barriers, �rst a rigid calculation of thesespin currents in
terms of non-equilibrium Keldysh Green'sfunctions is presented. The outcomeof the rigid
calculation will show, that the spin current has two conceptional di�erent components,
associated with either particle transfer or exchangeinteraction. Afterwards, we specify our
result to the weak coupling regime of a quantum-dot spin valve and derive in this limit
Bloch-like rate equationsfor the quantum-dot spin.

3.2.1 Spin curren t through one tunnel barrier

The calculation of the spin current in this Sectionwill be in closeanalogyto the derivation
of the charge current by Meir and Wingreen [66]. Let us �rst considerthe spin current
through one, say the left, tunnel barrier. For a clearernotation, the lead index is mostly
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dropped in this Section. The spin current JL = ĥJL i from the left lead into the dot is
de�ned by minus the time derivative of the total lead spin ŜL = (~=2)

P
k�� cy

k� � �� ck� ,
where� �� denotesthe vector of Pauli matrices. From the Heisenberg equation follows

ĴL = �
d
dt

ŜL = �
1
i~

h
ŜL ; H

i
: (3.7)

With the useof Fermion commutation relations, the spin current operator is found to be

ĴL = �
1
2i

X

k�� n

�
Vk�n � ?

�� cy
k� dn � V ?

k�n � �� dy
n ck�

�
: (3.8)

By introducing the Keldysh Green's functions G<
n;k � (t) = ihcy

k� (0) dn(t)i , the expectation
value of the spin current can be written as

JL =
1
2

X

k�� n

Z
d!
2�

�
Vk�n � ?

�� G<
n;k � (! ) � V ?

k�n � �� G<
k� ;n (! )

�
: (3.9)

Since the Green's functions obey the Dyson equations
G<

k�;n =
P

m Vk�;m [ gt
k� G<

m;n � g<
k� G�t

m;n ] and G<
n;k � =

P
m V ?

k�;m [ g<
k� Gt

n;m � g�t
k� G<

n;m ], the
Green's functions in Eq. (3.9) can be replacedwith the dot Green's functions G<

n;m (t) =
ihdy

m dn (t)i and the free Green'sfunctions of the lead, seeSection3.1, or Ref. [67].

Without lossof generality, we can choosethe dot spin quantization axis parallel to the
lead magnetization direction n̂L . The tunnel matrix elements can then be substituted by
Vk�;n = tk � �n . After a lengthy but straightforward calculation, the spin current can be
written as

JL =
i
4

X

m;n

Z
d!
2�

� mn (� m + � n )
�
f +

L (! ) G>
n;m + f �

L (! ) G<
n;m

�

+ � mn (� m � � n )
�
f +

L (! ) (Gret
n;m + Gadv

n;m ) +
1
i�

Z 0

dE
G<

n;m (E)

E � !

�
; (3.10)

with the tunnel rates � n (! ) = 2�
P

k jtLk j2� (! � "Lk� )� �n . This is the most generalexpres-
sion for the spin current 
o wing through a tunnel barrier. Sincethe Green'sfunctions Gn;m

werenot speci�ed during the calculation, Eq. (3.10) holds for any electronicalsystem,not
only for single-level quantum dots.

If the dot state is rotationally symmetric about the lead magnetization direction n̂L ,
all dot Green's functions G� � 0 non-diagonal in spin spacevanish. Only in this special
case,the spin current is proportional to the di�erence between the charge current I "

L =
i(e=h)

R
d! � " [f +

L (! ) G>
"" + f �

L (! ) G<
"" ] carried by spin-up electronsand the chargecurrent

I #
L carried by spin-down electrons,

JL = J z
L êz =

~
2e

�
I "

L � I #
L

�
êz : (3.11)
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If the dot systembreaksthis rotational symmetry, for exampledueto spin accumulation
alongan axis di�erent from n̂L , the simpleresult of Eq. (3.11) is no longercorrect. In such
a situation, the secondline in Eq. (3.10) yields an additional spin current component,
oriented transversalto both, the magnetizationof the leadand the polarization of the dot.
This spin-current component describes the exchangecoupling betweenlead and dot spin,
causingboth to precessaround each other. Sincethe leadmagnetizationis usually pinned,
only the dot spin precessesas placedin a magnetic �eld.

Brataas et al. [68,69] showed, that at normal metal{ferromagnet interfaces,incoming
electrons,with a spin orientation non-collinearto the leadamagnetization direction, may
experiencea rotation of the spin direction during backscattering. This spin-rotation mech-
anism can be described by the so called spin-mixing conductance. However, the origin
of this spin precessionhas a di�erent physical origin as the interaction driven many-body
e�ect discussedin this dissertation.

3.2.2 Spin curren t between lead and quan tum dot

The generalexpressionsfor the spin current will now be speci�ed to the caseof a quantum-
dot spin valve with weak tunnel coupling. By use of the zeroth order Keldysh Green's
functions of the dot system,as calculated in Appendix A, Eq. (3.10) can be speci�ed to
the system of a ferromagnet{single-level quantum-dot interface. The gained expression
relatesthe spin current through the interface to the dot density matrix elements

J r =
~
2e

I r pr n̂r �
S � p2

r (n̂ r � S)n̂ r

� c;r
+ S � B r ; (3.12)

whereI r is the electrical current crossingthe tunnel junction as de�ned in Eq. (3.3). The
di�erent terms of the spin current can be associated with di�erent physical processes.

� The �rst term in Eq. (3.12) describesspin injection from the ferromagneticlead into
the quantum dot by a spin polarizedchargecurrent. The injected spin is proportional
to the leadpolarization pr and the electricalcurrent I r crossingthe junction. Sincefor
vanishing bias voltage the chargecurrent vanish, also this spin current contribution
vanishes.

� The secondterm describes relaxation of the dot spin due to coupling to the leads.
Since neither an empty nor a doubly occupied dot can bear a net spin, the spin
relaxation time � � 1

c;r = � r =~(1 � f r (" ) + f r (" + U)) equalsthe life time of the single
occupation dot state. This relaxation term is anisotropic [70]. The spin polarization
of the lead suppressesthe relaxation of a dot spin, which is aligned parallel to the
lead magnetization,but increasesthe relaxation of the antiparallel component.

� The third term in Eq. (3.12) describestransfer of angular momentum perpendicular
to the spin polarization directions of lead and dot. The structure of this terms
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suggeststhe interpretation of B r asbeingan e�ective magnetic�eld that acts on the
quantum-dot spin S. Its value is given by [36,71]

B r = pr
� r n̂r

� ~

Z 0

d!
�

f +
r (! )

! � " � U
+

f �
r (! )

! � "

�
; (3.13)

wherethe prime at the integral indicatesCauchy's principal value.

From Eq. (3.13) it is clear that this exchange �eld arises due to the fact that the
quantum-dot levelsaretunnel coupledto a spin polarizedlead. It persistsalsofor vanishing
bias voltage. It is a many body e�ect as all degreesof freedomin the leadscontribute to
the integral. In the limit of energy independent tunnel couplings, the �nite Coulomb
interaction U in the dot prevents cancellationof the �rst and secondterm in the integrand
in Eq. (3.13), i.e., the exchange�eld is interaction driven. Its nature can be conceived as
a spin dependent dot level renormalization due to virtual particle exchangewith the spin
polarized leads. Note that thesevirtual exchangeprocessesdo not changethe charge of
the dot, in contrast to the spin dependent tunneling events responsible for the �rst two
contributions of Eq. (3.12). Thereforea simple rate equation picture can not addressthis
exchange interaction. However, sincethis exchange�eld contribution is also linear in �,
it is neededto be kept in order to have a consistent expansionof the master equation in
lowest order in the tunnel coupling.

This type of exchange interaction has been discussedin literature in the context of
Kondo physics for magnetic impurities in (normal) metals [72]. With the help of a
Schrie�er-W ol� transformation, the Anderson Hamiltonian [37] describing the magnetic
impurit y can be transformed to the s � d model, in which the spin of the magnetic im-
purit y is coupled to the conduction band electron spins of the metal. While a normal
metal is spin symmetric, and thereforeno net exchange�eld arise,the ferromagneticleads
of the quantum-dot spin valve include a �nite spin polarization. By integrating out the
leadelectronsof the transformedHamiltonian in the subspaceof singledot occupancy, the
precisemathematical form of the exchange�eld as given in Eq. (3.13) is recovered.

The exchange �eld is not only responsible for a torque on an accumulated spin as
discussedhere,but it alsogeneratesa spinsplitting of the dot level. Such a Zeemansplitting
of a Kondo resonancein a single molecule has been predicted by Martinek et al. [39],
and was experimentally observed by Pasupathy et al. [56]. The reported splitting would
correspond to magnetic�eld strength valuesof up to 70 Tesla. This largeZeemansplitting
motivatedFranssonet al. [73]to proposesuch a spinsplitted level asspin �lter for spintronic
applications. In contrast to theseexperiments with strong dot{lead coupling, in the weak
coupling regime,only the precessionof the accumulated dot spin must be considered.The
Zeeman-like splitting of the dot levels gives rise to a correction of higher order in the
coupling that has to be dropped in a consistent �rst order transport calculation.
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3.2.3 Angular momen tum contin uit y equation

Similar to the chargecontinuity equation, the continuity equation for the dot spin reads

0 =
dS
dt

= JL + JR + S � B ext �
S
� sf

=
~
2e

X

r

�
I r pr n̂r �

S � p2(n̂ r � S)n̂ r

� c;r

�
+ S � B tot �

S
� sf

: (3.14)

In addition to the spin currents entering the quantum dot from the left and right lead,
additional sourcesand sinksof angularmomentum arepossible.An external magnetic�eld
B ext enters the equation in the sameway as the exchange �eld originating from the left
and right reservoir does. All three �elds add up to the total �eld B tot = (B L + B R + B ext ).
Thereby frequencyis usedas the unit of magnetic �eld strength.

Furthermore, onecan phenomenologicallytake into account the possibility of intrinsic
spin relaxation on the dot by the sink term � S=� . This term leadsto an exponential decay
of the spin of on the dot on the time scale� sf. The physical origin of such an intrinsic
damping could be spin-orbit coupling, hyper�ne interaction with nuclei in the quantum
dot, or higher order tunnel processessuch asspin-
ip cotunneling.

3.3 Chapter summary

In this Chapter, the expressionsfor the chargeand spin currents, Eq. (3.3) and Eq. (3.12)
werederived. In contrast to the chargecurrent, the spin current is a more complexvector
quantit y. The total transfer of angular momentum from the leads to the dot, consists
of two qualitativ ely di�erent contributions. One is associated with the fact that charge
currents from or to a spin polarized system are also spin polarized. This current, thus,
transfersangularmomentum alongthe magnetizationdirection of the ferromagnetor along
the accumulated spin on the quantum dot. There is, however, also an additional transfer
of angular momentum, perpendicular to both directions. The in
uence of this spin current
on the quantum-dot spin can be expressedin terms of a many body exchange�eld.

With the useof the respective continuity equations,thesecurrents determinethe steady
state dynamics of the dot's charge and spin by a master equation. In the next Chapter,
the manipulation and detection of the quantum-dot spin is examined. Special attention
is spend on the possibility to manipulate the spin either by a magnetic �eld, or direct by
voltage, via the gate and bias voltage dependenceof the exchangeinteraction.



Chapter 4

Manipulation and Detection of the
Dot Spin via Electrical dc� Transp ort

The Eq. (3.5) and Eq. (3.6), together with the probability normalization condition P0 +
P1 + Pd = 1, determine the charge occupation probabilities Pi of the quantum dot. The
Bloch equationdS=dt = 0 in Eq. (3.14) describesthe stationary dot spin S. The stationary
density matrix of the dot, seeEq. (2.5), can be determined by solving this systemof six
linear master equations. With the knowledgeof the stationary density matrix, the time
averagedcurrent through the quantum-dot spin valve can then be calculatedby Eq. (3.3).

Sinceboth, charge and spin are simultaneously transported by electrons, the master
equationsfor the chargeand spin degreeof freedomare coupled. In the presenceof mag-
netized leads, the charge current causesspin accumulation on the dot, and the average
spin on the dot acts back on the current via magnetoresistance.Therefore, it is possible
to examinethe coherent spin dynamicson the dot via electrical transport measurements.
The dot-spin state is createdby spin accumulation, manipulated by the sourceand drain
voltage dependent exchange �eld or by an external magnetic �eld, and detected by the
deviceconductance.

In the following three Sectionswe discussthe in
uence of the gate and bias voltage as
well as an external magnetic �eld on the quantum-dot spin, and how this in
uence gets
re
ected on the electrical dc� transport through the quantum-dot spin valve. Then, in
reversal, by experimentally measuringthe transport characteristicsof the device,onecan
concludethe spin state of the quantum dot.

In the stationary transport situation under consideration,neither the averagecharge
nor the averagespin of the dot changeswith time, and the currents through the left and
right tunnel junction are equal I L = � I R � I . For simplicity, a symmetric coupling
� L = � R = � =2, equal spin polarization pL = pR = p, and a symmetrically applied bias
voltage VR = � VL = V=2 is chosenin the following discussion.

41
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4.1 Gate voltage e�ect in linear response regime

To study the e�ect of the gate voltage on the quantum-dot spin via the gate voltage
dependenceof the exchange�eld, we analyzethe linear-responseregime,without external
magnetic�elds applied. For a small biasvoltageeV � kBT, the systemof masterequation
[Eq. (3.14), Eq. (3.5), and Eq. (3.6)] can be expandedup to linear order in bias voltageV.
With symmetric couplings to the left and right lead, the charge probabilities (P0; P1; Pd)
becomeindependent of V , thus, the occupationprobabilities are given by their equilibrium
value

P0 =
f � (" )f � (" + U)

f + (" ) + f � (" + U)
; P1 = 2

f + (" )f � (" + U)
f + (" ) + f � (" + U)

; Pd =
f + (" )f + (" + U)

f + (" ) + f � (" + U)
; (4.1)

with the Fermi function f � (! ) = f �
L (! ) = f �

R (! ). The Bloch equation for the dot spin
doesnot get independent of V, but reads

0 =
d
dt

S = pI lin (n̂L � n̂R) �
S � p2

2

P
r (n̂ r � S)n̂ r

� c
�

S
� sf

+ S �
�

B L + B R

�
(4.2)

where I lin = V � @I =@VjV =0 is the linear current. The linear charge current, which is
polarizeddueto the leadmagnetizationsgeneratesa dot spin polarization alongp(n̂L � n̂R),
which points along the y� axis of the coordinate systemde�ned in Fig. 4.1.

Ln nR

y

z

x

f

a

S<    >
Figure 4.1: Spin dynamics in the linear-responseregime. Spin accumulates along the y-
direction. The spin precessesin the exchange�eld, that is aligned along the x-direction.
The stationary solution of the averagespin on the dot is tilted away from the y-axis by an
angle � , which is plotted in Fig. 4.2(b).
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This accumulated spin S generatestunnel magnetoresistance,which decreasesthe cur-
rent again. In Fig. 4.2(a) the linear conductanceis plotted as function of level position " ,
that can be tuned by the gate voltage. Thereby the conductanceshows Coulomb oscilla-
tions. With increasingthe opening angle of the lead magnetizations,the increasingspin
accumulation decreasesthe conductane.

The damping term(s) in Eq. (4.2) limits the magnitude of spin accumulation. The
�nite coherencetime � s of the electron spins in the quantum dot is taken into account
by an exponential decay of the averagespin with time. Two distinct physical processes
limit the spin coherencetime: Sourcesof decoherence,e.g., spin-orbit coupling, hyper�ne
interaction with nuclei in the quantum dot, or higher order tunnel processessuch as spin-

ip cotunneling destroy the coherenceof the dot spin on the time scale� sf. Furthermore,
the dwell time of the electronsitself is limited. The time scalefor tunneling of an electron
to or from the two electrodesis givenby � � 1

c = � =~(1� f + (" )+ f + (" + U)). Sinceneither an
empty nor a double occupieddot can bear a net spin, this tunneling time scaleis also the
upper bound for the coherencetime of the spinson the dot. Then the total spin coherence
time equals

1
� s

=
1
� c

+
1
� sf

: (4.3)

The term S � (B L + B R) yields an intrinsic precessionof the dot spin in the exchange
�eld B L + B R � B0 cos(�= 2) êx . In steady state, the averagedot spin is rotated by the
angle

� = � arctan
�

B0� s cos
�
2

�
(4.4)

out of the plane de�ned by the lead magnetization directions, as shown in Fig. 4.1. The
precessionangle � is plotted in Fig. 4.2(b) as function of the level position " . The level
position " = � U=2 is special, at this point the exchange�eld changesits sign, and sodoes
the angle� . The signchangearrisesfrom the fact, that the exchange�eld hascontributions
originating from particle like processes,and contributions with oppositesign,generatedby
hole like processes.Exactly at the level position " = � U=2, thesetwo contributions are
equal, but away from this particle{hole symmetric point, either the particle or the hole
processesdominate.

The precessionin the exchange �eld also reducesthe magnitude of the accumulated
spin to

jSj = pI lin � s cos� ; (4.5)

which can be seenin Fig. 4.1(c) as function of the level position " .

As pointed out above, in the linear-responseregimethe chargeoccupationprobabilities
do not depend on the spin polarization of the leads. In particular, they are independent of
the relative angle � of the lead magnetizations.This meansthat the � -dependenceof the
conductanceis determinedby the product S�n̂L = � S�n̂R, ascanbeseenfrom Eq. (3.3). It
is the relative orientation of the accumulated spin and the drain (or source)magnetization,
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Figure 4.2: (a) Linear conductancenormalizedby � =kBT asa function of the level position
" for di�erent angles� . (b) Angle � enclosedby the accumulated spin and the y-axis as
de�ned in Fig. 4.1. (c) Derivation of the magnitude of the accumulated spin on the dot
with respect to the source{drain voltage V. Further parametersare p = 0:9, � � 1

sf = 0 and
U = 10kBT.
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that producesthe � -dependenceof the current, rather than the product n̂L � n̂R, as in the
caseof a single magnetic tunnel junction. Therefore the � -dependent linear conductance
Glin = (@I =@V)jV =0 directly re
ects the accumulated spin. The e�ect of the exchange�eld
for the normalizedconductancecan be seenin the analytic expression

Glin (� )
Glin (0)

= 1 � p2 � s

� c

sin2(�= 2)
1 + (B0� s)2 cos2(�= 2)

; (4.6)

whereGlin (0) = e2 P1=�ckBT. The linear conductanceis plotted in Fig. 4.3 as function of
the opening angleof the lead magnetizationsfor di�erent valuesof the level position " .
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Figure 4.3: Normalized conductanceas a function of the angle � enclosedby the lead
magnetizationsfor di�erent level positions and the parametersU = 10kBT, � � 1

sf = 0 and
p = 0:9.

For " > 0, the quantum dot is predominantly empty, and for " + U < 0 doubly occupied
with a spin singlet. In this regions,the life time of a singly occupieddot � c is short, and so
is the lifetime of the dot spin. Thereforethe rotation angle � is small and the normalized
conductanceasa function of the relativeangle� enclosedby the leadmagnetizationsshows
a harmonic behavior, see,e.g., the curve for " = 5kBT in Fig. 4.3.

For � U < " < 0 the dot is primarily singly occupied, therefore the spin dwell time is
increasedand the exchange�eld becomesimportant. It causesthe above described spin
precession,which decreasesthe anglebetweenS and n̂R aswell asdecreasethe magnitude
of S. Thus, the spin precessionmakes the spin-valve e�ect lesspronounced,so that the
conductancethat exceedsthe expectations [18] for a singlemagnetic tunnel junction.

For parallel and antiparallel alignedleadmagnetizations,� = 0 and � = � , the accumu-
lated spin and the exchange�eld get aligned. In this case,the spin precessionstops,even
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though the exchange�eld is still present. The � -dependent conductanceis not a�ected by
the exchange�eld at this alignment, seeFig. 4.3.

4.2 Bias voltage e�ect in non-linear regime

Wenow turn to the non-linearresponseregime,eV > kBT, in order to discussthe in
uence
of the bias voltage dependenceof the exchange�eld. We assumethat there is no external
magnetic�eld, and no spin relaxation. In Fig. 4.4(a) the current I is shown asa function of
the biasvoltageV for an antiparallel con�guration of the leadmagnetizationsand di�erent
valuesof the leads' spin polarization p.

For non-magnetic leads, the current{v oltage characteristic shows the usual Coulomb
staircase.At low bias voltage, the dot is empty and transport is blocked. With increasing
biasvoltage, �rst singleand then doubleoccupancyof the dot is possible,which opens�rst
oneand then two transport channels.A �nite spin polarization p causesspin accumulation
and, thus, a reduction of transport. A reduction of transport with increasingp is also
seenfor non-collinearmagnetizations. But there is a qualitativ e di�erence as can be seen
in Fig. 4.4(b). A very pronouncednegative di�erential conductanceevolves out of the
middle plateau as p is increased.To understand the negative di�erential conductancewe
�rst neglectthe exchange�eld and then, in a secondstep, analyzehow the exchange�eld
modi�es the picture.

At the intermediate bias voltages(" � eV=2 � e+ U) the dot can only be empty or
singly occupied. Sincedouble occupation is forbidden, the transport through the dot is
limited by the electron state with maximal dwell time in the dot. Due to the �nite bias
voltage, the dot electronscan only leave the dot to the drain (right) lead. Therefore, the
electron with the longestdwell time is the one with its spin polarized antiparallel to the
drain lead magnetization direction. For this antiparallel spin alignment the tunneling to
the drain lead is maximally suppressed,while the tunneling from the sourcelead is not as
much a�ected. When the tunneling to the drain lead is weak, but strong to the source
lead, then the dot is primarily occupiedby oneelectron (chargeaccumulation). The spin
accumulation as function of the chargeoccupation P1 given by

S = p
�

� L

� R
(1 � P1)n̂L �

P1

2
n̂R

�
; (4.7)

directly relatesan increasedprobability P1 to �nd the dot occupiedby oneelectron to an
averagedot spin S, aligned nearly antiparallel to the drain lead.

The behavior is di�erent from that in the linear-responseregime,where the direction
of the accumulated spin is along n̂L � n̂R rather than � n̂R . This is related to the fact,
that in the linear-responseregime, the dot electronscan both tunnel to the source(left)
and drain (right) lead (where tunneling to the drain is only somewhatmore likely than
tunneling to the source). The direction of the accumulated spin does, therefore,not only
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Figure 4.4: Current{v oltage characteristics for antiparallel (a) and perpendicular aligned
(b) leadmagnetizations.Further parametersare � L = � R = � =2, pL = pR = p, " = 10kBT,
and U = 30kBT:

depend on the magnetization of the drain but also on that of the sourceelectrode. To
minimize transport, the accumulated spin will be aligned along n̂L � n̂R.

Due to the fact, that double occupation is forbidden, Pd � 0, all electronsentering
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the dot through the left barrier must �nd an empty dot, i.e., the current I = (e� =~)P0

explicitly dependsonly on the probability to �nd the dot empty. Thereforeany additional
chargeaccumulation, � P1, on the dot reducesthe conductanceof the deviceproportional
to P0 = 1 � P1. So this mechanism is a type of spin blockadebut with a di�erent physical
origin comparedto the systemsdescribed in literature [74{76]. The suppressionde�nes
the local minimum of the current in Fig. 4.4(b). At this point of the minimal current,
the relevant exchange-�eld component generatedby the coupling to the source(left) lead
vanishes,seeFig. 4.6(a). Away from this point, the exchange�eld component perpendicular
to the spin, (originating from the sourcelead) will induce a precessionof this spin about
n̂L as illustrated in Fig. 4.5, and e�ectively diminish the spin blockade.
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Figure 4.5: For electrons polarized antiparallel to the drain lead, the in
uence of the
e�ective �eld generatedby the sourcelead is dominating. By spin precession,the spin
blockade is lifted and thereforethe conductancerecovers.

The particular valueof the non-linearconductanceis a consequenceof the two compet-
ing e�ects. Spin blockadereduces,while spin precession,which reducesthe spin blockade,
again increasesthe conductance. Since the strength of the exchange �eld, which gen-
eratesprecession,varies as a function of bias voltage, seeFig. 4.6(a), this recovery is a
non-monotonousfunction, generatingthe negative di�erential conductance.

To illustrate this further, in Fig. 4.6(b) the current is plotted which is obtained when
the spin precessioncontribution is in an arti�cial way droppedin Eq. (3.14). In the absence
of the exchange�eld, a wide plateau is recovered, whoseheight is similar to the current,
one would expect, if the lead magnetizationswere aligned antiparallel. The peak at the
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Figure 4.6: Panel (a): The absolutevalueof the e�ective exchange�eld contributions from
the left and right lead. Panel (b): the current voltage dependence,with and without the
in
uence of the exchange�eld. For both plots the parameters� = � =2, � L = � R = � =2,
" = 10kBT, U = 30kBT, and p = 0:95 were chosen.

left end of the plateau indicates that, oncethe dot level is closeto the Fermi level of the
sourceelectrode, the spin blockade is relaxed since the dot electronsthen have also the
possibility to tunnel back to the source(left) side.
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However, this negative di�erential conductanceoccursonly at relatively high valuesof
the lead polarization. For symmetric tunnel coupling a spin polarization of p � 0:77 is
needed,while for a strong asymmetry in the tunnel coupling the requiredspin polarization
is reduced.

The e�ect of the spin blockadeon the � -dependenceof the current is depictedin Fig. 4.7.
We choosethe bias voltage accordingto eV=2 = " + U=2, such that the in
uence of the
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Figure 4.7: Angular dependenceof the conductancewith an applied voltage of V = " +
U=2, i.e., the voltage generatingthe smallest in
uence of the exchange�eld. Further plot
parametersare � L = � R = � =2, " = 10kBT, and U = 30kBT.

exchange �eld is absent. For p = 0:5 still a sin2(�= 2) dependencecan be recognized.
For higher valuesof the spin polarization the conductancedrops faster and stays nearly
constant at its minimal valuedue to spin blockade. This is just the oppositebehavior than
predicted for the linear-responseregimeas seenin Fig. 4.3.

If such a high bias voltage is applied, that the dot can also be double occupied, the
step like behavior of the current voltage characteristic is recovered, seeFig. 4.4(b). Away
from the step, all appearingFermi functions can be approximated by 0 or 1, and following
Eq. (3.3) the current is given by I = (e� =2~) [1 � pS � (n̂L � n̂R)]. Far away form the
resonance,wherethe exchange�eld can be neglected,the accumulated spin is S = p(n̂L �
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n̂R)=4 from which we get

I =
e�
2~

�
1 � p2 sin2 �

2

�
: (4.8)

At this high bias voltage, transport through a quantum-dot spin valve resembles just the
tunnel magnetoresistancecharacteristic of a single tunnel junction, wherecharging e�ects
are of no importance.

We closethis Sectionwith the remark that while we plotted only results for the case
" > 0, in the opposite case" < 0 the current{v oltage characteristics is qualitativ ely the
same.

4.3 External magnetic �elds and the Hanle e�ect

In the previous Sectionswere studied quantum-dot spin dynamics that is evoked by the
exchange �eld. But one can also make use of an externally applied magnetic �eld B ext

to manipulate the dot spin and with it the conductanceof the quantum-dot spin valve.
It turns out that this manipulation scheme o�ers a way to measurethe spin coherence
time T2 in an all electrical way. To emphasizethis point, in this Section,an intrinsic spin
relaxation on the dot is explicitly allowed. Then, the chargelife time � � 1

c = � � 1
c;L + � � 1

c;R and
the spin life time on the dot � � 1

s = � � 1
c + � � 1

sf separate.

While also spin-orbit coupling can causespin relaxation on the quantum dot itself
[77,78], it is assumed,that due to the con�nement of the electronson the quantum dot
the hyper�ne interaction to the nuclear spins becomesdominant. Typical spin coherence
times are of the order of ns [79{82].

An external applied �eld causesthe Hanlee�ect, i.e., the decreaseof spin accumulation
in the quantum dot due to precessionabout a static magnetic �eld. Indeed, this was the
e�ect used by originaly Johnsonand Silsbee [24] and others [43] to prove the existance
of non-equilibrium spin accumulation. Optical realizations of such Hanle experiments
[83] always involve an ensemble averaging over di�erent dot realizations, such that the
outcome of the measurement is T ?

2 rather than T2. By measuringthe Hanle signal via
the conductancethrough a quantum dot attached to ferromagnetic leads, this ensemble
averagingis avoided.

For simplicity in this Section we assumeagain symmetric couplings � L = � R, equal
degreeof lead polarizations pL = pR = p and consider the linear-responseregime only.
There is a variety of possiblerelative orientations of the external �eld and the lead mag-
netizations to each other. In the following, two speci�c casesare discussedin detail, which
are convenient to extract useful information about the spin decoherencetime in onecase,
and to prove the existenceof the exchange�eld in the other case.
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4.3.1 An tiparallel aligned lead magnetizations

We �rst focus on two ferromagnetic leads with magnetization directions anti-parallel to
each other, seeFig. 4.8, and an arbitrary alignedexternal �eld. The con�guration has the
advantage that the exchange �eld contributions from the two leadscancel,and the spin
dynamicsis only governedby the external �eld B ext . The linear conductance,then, is

G
G0

= 1 � p2 � s

� c

1 + ( n̂ L � n̂ R
2 B ext � s)2

1 + (B ext � s)2
; (4.9)

where G0 = e2 P1=�ckBT is the asymptotic value of the conductancefor a large applied
magnetic �eld, jB ext j ! 1 , for which the spin accumulation is completelydestroyed. The
asymtotic conductanceis proportional to the singleoccupation probability P1.
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Figure 4.8: Di�eren tial conductancefor ferromagneticleadswith anti-parallel magnetiza-
tions asa function of the magnetic�eld jB ext j appliedperpendicular to the leadmagnetiza-
tions. The half line width of the Hanle resonancedirectly determinesthe spin-decoherence
time � s.

If we assumethe �eld to be aligned perpendicular to the lead magnetizations (see
Fig. 4.8), the conductancedepends Lorentzian on the external magnetic �eld, which is
familiar from the optical Hanle e�ect. The depth of the dip is given by p2� s=�c while the
width of the dip in Fig. 4.8 provides a direct accessto the spin lifetime � s. Of course,
the conversionof applied magnetic �eld to frequencyrequiresthe knowledgeof the Lande
g� factor, which must be determinedseparatelylike in Ref. [48].
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In a recent experiment Zhang et. al. [44] realized a similar kind of setup: a whole
layer of aluminum dots were embedded in a tunnel junction between two Co electrodes,
seeFig. 4.9, and a magnetic �eld was applied perpendicular to the lead magnetizations.
In contrast to the setup with a singlequantum dot, this experiment may be in
uenced by
the multi-domain structure of the leads,by weak spots in the tunnel barrier, and by the
ensemble averagingover di�erent grains [44,84].

�80 �60 �40 �20 0 20 40 8060
B (mT)ext

7.95

8.00

I (
nA

)

V=40mV
XAlO

Co

Co

Al

Figure 4.9: Measurement of the current versusapplied magnetic�eld by Zhanget. al. [44].
The tunneling deviceconsistsof a AlO x tunnel barrier betweentwo Co leads. Inside the
tunnel barrier metallic Al grains are embedded,servingas quantum dots.

Nevertheless,at �rst glance,the measureddependenceof the conductanceon the ap-
plied magnetic �eld in Fig. 4.9 seemsto show the anticipated Hanle e�ect. However, this
interpretation of the measurement hasa seriousdrawback: the inverselinewidth falls signif-
icantly below the expectedspin coherencetime of the grains. Even so,this line broadening
could be explainedby collinear fringing �elds of the order of 10mT, alternative measure-
ments on single grain structures indicate [84], that the fringing �eld strength is usually
on the order of 100mT, i.e., an order of magnitude larger. Therefore, the interpretation
of the measurement as Hanle e�ect may not be the only possibleone [84], and further
experiments on individual nanoparticlesare necessaryto prove coherent precessionof the
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dot spins.

4.3.2 Magnetic �eld applied along n̂L + n̂R

Finally, we discussthe caseof a non-collinear con�guration of the lead magnetizations
with a magnetic �eld applied along the direction n̂L + n̂R as shown in Fig. 4.10. In this
case,both, the exchange�eld and the external magnetic �eld are pointing along the same
direction n̂L + n̂R, and their magnitudesare just added. The linear conductanceis, then,

G
G0

= 1 � p2 � s

� c

sin2 �
2

1 + (B ext + B L + B R)2� 2
s

; (4.10)

where � is the angle enclosedby n̂L and n̂R. The conductanceversusapplied magnetic
�eld is plotted in Fig. 4.10(a). The conductancereaches its minimal value when the sum
of external and exchange�eld vanishes.Therefore,the exchange�eld shifts the minimums
position relative to jB ext j = 0.
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Figure 4.10: Linear conductanceof the dot for an applied external magnetic �eld B ext

along n̂L + n̂R. a) Linear conductanceas a function of the applied �eld for " = 0. b)
Linear conductanceas a function of level position " without external �eld (dotted) and
for the applied �eld jB ext j = 0:1� =~ (solid). Further parametersare � = 3� =4, p = 0:8,
U = 7kBT, and � sf = 0. The vertical lines relate the conductanceincreaseof the dot at
" = 0 for a magnetic �eld jB ext j = 0:1� =~.

In real experiments, depending on the particular samplegeometry, one can expect a
magnetic stray �eld, which is not consideredto be part of the experimentally applied
magnetic �eld B ext . This stray �eld also shifts the conductanceminimum. However,
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the analyzed setup of external �eld and magnetization directions allows for a stringent
experimental veri�cation of spin precessiondue to the exchange �eld. To separatethe
exchange�eld from the in
uence of a possiblestray �eld, the gate voltage dependenceof
the exchange interaction can be used. The exchange interaction as function of the dot
gate voltage is plotted in the inset of Fig. 4.10(b). While the stray �eld doesnot depend
on gate voltage, the exchange�eld does. In the 
at band limit it even changessign as a
function of gate voltage. By plotting the conductanceas function of the gate voltage in
Fig. 4.10(b), the typical Coulomb blockade oscillations can be observed. Each time, the
energy level of the empty or singly occupied dot becomesresonant with the lead Fermi
energy, the conductancebearsa resonance.The interplay of exchangeand external �eld
leadsto an increaseof conductancefor oneresonancepeak,but to a decreasefor the other
resonance.

4.4 Chapter summary

We discussedthe possibility to generate,manipulate, and probe singlespinsin singlelevel
quantum dots coupledto ferromagneticleads. Any manipulation of the accumulated spin,
e.g. by the external magnetic �eld or by the intrinsic exchange�eld, is detectablein the
electric current through the device.

A spin polarization of the quantum-dot electron is achieved by spin injection from the
leads. The spin current through a tunnel barrier bearsa contribution that is associated
with the spin polarization of the charge currents from or to ferromagnets. Further, a
conceptionaldi�erent contribution arises,describing transfer of angular momentum per-
pendicular to the lead magnetization and the dot polarization. This contribution can be
expressedin terms of the exchange�eld. The occurrenceof the exchange�eld is a conse-
quenceof many-body correlationsthat are oneof the intriguing featuresof nanostructures
with large Coulomb interaction.

In order to manipulate the quantum-dot spin we suggestto apply an external mag-
netic �eld, or, more interestingly, make useof the gate and bias voltage dependenceof the
exchange �eld. In particular, the spin precessionmodi�es the dependenceof the linear
conductanceon the opening angleof the lead magnetizations. The strength of this modi-
�cation is tunable by the gate voltage. In nonlinear response,the bias voltage dependence
of the exchange�eld can give rise to a negative di�erential conductance. By applying a
tunable external magnetic �eld, one can realizean all electrical Hanle experiment, which
determinesthe dot-spin lifetime of a single dot and is furthermore capableto verify the
existenceof the intrinsic spin precessioncausedby the exchange�eld.
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Chapter 5

Time Resolv ed Spin Dynamics via
Frequency Dep endent Curren t Noise

In the previous Chapters, we discussedin detail, how the time-averageddot spin a�ects
the time-averagedcurrent. However, a way to resolve the time-dependent dynamicsof the
dot spin is provided by the power spectrum of the current noise. Spin precessiondue to an
external magnetic and/or the exchange�eld a�ects the Fano factor of the systemin two
ways. First, the tendency towards spin-selective bunching of the transmitted electronsis
suppressed,which gives rise to a reduction of the low-frequencynoise. Second,the noise
spectrum displays a resonanceat the Larmor frequency, whoselineshape dependson the
relative angleof the lead magnetizations.

5.1 In tro duction

That current noise reveals additional informations about mesoscopicconductors, which
are not contained in the average current was already pointed out before [85,86]. For
examplecurrent noisethrough quantum dots reveals the strongly correlated character of
charge transport, giving rise to phenomenasuch as positive crosscorrelations [28] and
sub- or superpoissonianFano factors [87,88]. This is one motivation for the extensive
theoretical [89{94] and experimental [95{99] study of zero- and �nite-frequency current
noisethrough quantum dots.

The property, which will be utilized in this Chapter is, that the �nite-frequency noise
provides also a direct accessto the internal dynamics of mesoscopicsystemssuch as co-
herent oscillations in double-dot structures [100{103], quantum-shuttle resonances[104],
transport through a dot with a precessingmagneticmoment [60], the dissipative dynamics
of a qubit [105], or back action of a detector on the system [106{108]. In the caseof a
quantum-dot spin valve, the current-current correlation function will show a signature at
the frequencythat is associated with the precessionof the quantum-dot spin due to the

57
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sum of exchangeand external magnetic �eld.

The origin of the signal in the current noise can be understood by looking at the
tunneling-out current to the drain (right) leadasa function of the time after the quantum-
dot electronhad tunneled in from the source(left) lead. The spin of the incomingelectron,
de�ned by the source-leadmagnetization direction, precessesabout the sum of exchange
and external magnetic�eld aslong asthe electronstays in the dot. Sincethe tunneling-out
rate, in
uenced by tunnel magnetoresistance,depends on the relative orientation of the
quantum-dot spin to the drain-lead magnetizationdirection, there is a periodic oscillation
of the tunneling-out probability. The oscillation period is de�ned by the inverseprecession
frequency. Depending on the relative orientation of the source-and drain-lead magne-
tization directions, the tunneling-out rate is either increasedor decreasedafter one full
rotation of the quantum-dot spin. As a consequence,the signature in the power spectrum
of the current noiseat the Larmor frequencygradually changesfrom a peak to a dip as a
function of anglebetweensource-and drain-lead magnetization.
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Figure 5.1: A quantum dot contacted by ferromagneticleadswith non-collinearmagneti-
zations. Electrons polarized along the source(left) lead enter the dot. During their stay
on the dot, the electronsprecessin the many-body exchange�eld B L + B R and an exter-
nal magnetic �eld B ext . Due to magnetoresistancee�ects this precessionmodulates the
tunnel-out probability to the drain (right) lead, giving rise to a resonancesignal in the
current power spectrum.

Also the low (zero) frequencypart of the current-noise power spectrum is a�ected by
the internal dynamics of the quantum-dot spin. By coupling a quantum dot to spin-
polarized electrodes, the dwell time of the electronsin the dot becomesspin dependent.
It is known [28,109] that this spin dependenceof the dwell times yields a bunching of the
transferred electrons. This bunching leadsto an increaseof the shot noise. A precession
of the quantum-dot spin weakens the tendency towards bunching, leading to a reduction
of the low-frequencynoise.

In order to illustrate the ideasformulated above, we present a systematicstudy of the
frequency-dependent current noisein the following. A previously-developed diagrammatic
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real-time technique [65] is extendedto evaluate frequency-dependent current noisein Sec-
tion 5.2. Similar approaches for metallic (non-magnetic) single-electrontransistors were
presented in Refs.[106,110]. The results for the quantum-dot spin valve are then discussed
in Section5.3.

5.2 Diagrammatic Technique

The samemathematical model for the quantum-dot spin valve is consideredas introduced
in Chapter 2. The quantum dot consistsof a single electronic state at energy " , and
doubleoccupancyof the dot coststhe charging energyU � kBT. The ferromagneticleads
(r = L=R) are reservoirs of non-interacting fermions, which bear a spin polarization pr

along the direction of magnetization n̂ r The dot is tunnel coupled to the leads by the
coupling strength � r =

P
� = � 2� jt r =

p
2j2� � , which for simplicity, is assumedto be energy

independ.

In the following three subsections,the derivation for the stationary density matrix,
the dc� current and the �nite-frequency current-current correlation function is formulated.
Afterwards, in Section 5.2.4, the obtained formulas are speci�ed for the limit of weak
dot-lead coupling, i.e., for a systematic lowest-orderperturbation expansionin the tunnel
coupling strength � = � L + � R. It is worth to mention, that as long as the speci�c rates
are not introduced, the derivation of the density matrix, the current and the current-
current correlation function would alsobe applicable for any tunnel-coupledquantum-dot
problems,not only a quantum-dot spin valve.

5.2.1 Quan tum-dot densit y matrix

The dynamics of the quantum-dot spin valve is determined by the time evolution of the
total density matrix. Since the leads are modeled by non-interacting fermions, which
always stay in equilibrium, their degreesof freedomcan be integrated out. The quantum-
statistical averageof the charge and spin on the quantum dot at time t is then encoded
only in the reduceddot density matrix � (t), asintroducedin Chapter 2. Its time evolution
is governedby the propagator � (t; t0),

� (t) = � (t; t0) � � (t0) : (5.1)

Since � is a matrix, the propagator � must be a tensor of rank four. A diagrammatic
representation of this equation is depicted in Fig. 5.2. The upper (lower) horizontal line
represents the propagation of the individual dot states forward (backward) in real time,
i.e., along a Keldysh time contour tK . The rigid mathematical derivation of this approach
can be found in Ref. [65], and citations therein.

In order to �nd the stationary density matrix for a system, which is described by
a time-independent Hamiltonian, one can consider the limit t0 ! �1 . There is some
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Figure 5.2: The density matrix evolves in time with the propagator � , which is a tensor
of rank four.

characteristic time after which the system losesthe information about its initial density
matrix � ini = lim t0 !�1 � (t0). Therefore,without lossof generality wecanchoose(� ini )

� 1
� 1

=
� � 1 ;� 0 � � 1 ;� 0 with an arbitrarily-pic ked state � 0, to get for the stationary non-equilibrium
density matrix

�
� st

� � 2

� 2
= lim

t0 !�1
�( t � t0)

� 2 � 0

� 2 � 0
; (5.2)

independent of � 0. Here,for time-translation invariant systems,the propagator� (t; t0) de-
pendsonly on the di�erence of the time arguments (t� t0). For the following, it is convenient
to expressthe propagator in frequencyrepresentation � (! ) = ~� 1

R0
�1 dt � (� t) exp[i (! �

i0+ )t]. It can be constructedby the Dyson equation

� (! ) = � 0(! ) + � 0(! )W (! )� (! )

=
�
� 0

� 1(! ) � W (! )
� � 1

: (5.3)

The full propagator � (! ) dependson the free propagator � 0(! ) and the irreducible self-
energiesW (! ), which describesthe in
uence of tunneling events betweenthe dot and the
leads. The Dyson equation is diagrammatically represented in Fig. 5.3. The frequencyar-
gument of the Laplacetransformation appearsin this diagrammatic languageasadditional
horizontal bosonicline transporting energy~! .

Figure 5.3: Diagrammatical representation of the Dyson equation for the propagator. The
self-energyW sums up all irreducible tunnel diagrams. With W (! ), we label the self-
energy, together with the parallel running frequencyline ! .
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The free propagator (without tunneling) is given by

� 0(! )� 2 � 1
� 2 � 1

=
i� � 1 � 2

� � 1 � 2

" � 1
� " � 1

� ~! + i0+
; (5.4)

where" � (" � ) is the energyof the dot state � (� ) = f 0; " ; #; dg. Tunneling betweenthe dot
and the leads introduce the irreducible self-energiesW (! ). The self-energiesW (! ) can
be calculated in a perturbation expansionin the tunnel Hamiltonian. Each tunnel Hamil-
tonian generatesone vertex (�lled circle), on the Keldysh time contour tK , seeFig. 5.3.
Since the leadsare in equilibrium, their fermionic degreesof freedom can be integrated
out. Thereby two tunnel Hamiltonians each get contracted, symbolized by a line. Each
line is associated with one tunnel event, transferring one particle and a frequency/energy
from one vertex to the other. Therefore the lines have a de�ned direction and bear one
order of the coupling constant � = � L + � R. The self-energyW (! ) is de�ned as the sum
of all irreducible tunnel diagrams(diagrams, which can not be cut at any real time (cut
vertically), without cutting onetunneling line).

In Section5.2.4,the calculation will then be restricted to the lowest-orderexpansionin
�, whereonly diagramswith onetunnel line in W (! ) are included. A detailed description
of how to calculatetheselowest-orderself-energiesfor the quantum-dot spin valve problem
can be found in Appendix B.

To solve for the stationary density matrix � st, one can rewrite the Dyson Eq. (5.3) as
(� 0(! )� 1� W (! )) � (! ) = 1, multiply both sidesof the equationwith ! , usethe �nal value
theoremlim ! ! 0(i~! + 0+ )� (! ) = lim t !1 � (t), similar asfor Laplacetransformations,and
employ Eq. (5.2), to get

0 =
h
� � 1

0 (! = 0) � W (! = 0)
i

� st (5.5)

together with the normalization condition Tr[� st] = 1. For the individual density matrix
elements P �

� , the equation becomes

0 = � i (" � � " � )( � st )�
� +

X

� 1 ;� 1

W �� 1
� � 1

(� st )� 1
� 1

: (5.6)

The structure of Eq. (5.5) motivates the interpretation of the equation as a master equa-
tion in Liouville space,with the self-energyW (! = 0) as generalizedtransition rates.
However, the self-energydoes not only describe real particle transfer between leadsand
dot, but it also accounts for tunnel-induced renormalization e�ects. In Chapter 4, it was
shown, that these level renormalization a�ect even the lowest-order contribution to the
conductance. Therefore,a neglectof theserenormalizationswould break the consistancy
of the lowest-orderexpansionin the tunnel coupling strength [26,101,111]. Recently, the
frequency-dependent current noise of a quantum-dot spin valve structure was discussed
in Ref. [112], in the limit of in�nite bias voltage, where these level renormalizationscan
be neglected. One of the main advantagesof the approach presented here is that a rigid
systematic computation of the generalizedtransition rates is possible,which includes all
renormalization e�ects. Thereforethis approach is valid for arbitrary bias voltages.
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5.2.2 Curren t

The current through barrier r = L; R is de�ned asthe changeof chargeenr = e
P

k� ay
r k� ar k�

in lead r due to tunneling, described by the operator

Î r = e
@̂Nr

@t
=

e
i~

[N̂r ; HT ] : (5.7)

We de�ne the operator for the current through the dot as Î = (Î L � Î R)=2. Each term of
the resulting current operator does contain a product of a lead and a dot operator. By
integrating out the leaddegreesof freedom,the current vertex (open circle) getsconnected
to a tunnel vertex by a contraction line as depicted in Fig. 5.4. Thereby the connected
tunnel vertex can be either on the upper or lower time contour line.

Figure 5.4: Diagrammatic representation of the current. By integrating out the leaddegrees
of freedom,the current vertex (open circle) gets contracted to one of the tunnel vertices
in the self-energyW (! = 0).

To present a systematicway to calculatethe current, onecanutilize the closesimilarity
of the tunnel Hamiltonian and the current operator in Eq. (5.7). Both di�er only by the
prefactor e=~ and possiblyby additional minus signs.

Thielmann et al. [92]introducedthe object W I � 1 �
� 1 � asthe sumsof all possiblerealizations

of replacing one tunnel vertex (�lled circle) by a current vertex (open circle) in the self-
energy W � 1 �

� 1 � , compare Fig. 5.5. In technical terms, this means that each diagram is
multiplied by a prefactor, determined by the position of the current vertex inside the
diagram. If the current vertex is on the upper (lower) Keldysh time branch, and describes
a particle tunneling into the right (left) lead or out of the left (right) lead, multiply the
diagramby +1=2, otherwiseby � 1=2. For clarity, the factor e=~ is kept separately. A more
detailed explanation of the technical procedureof the replacement as well as the rules to
construct and calculate the self-energiescan be found in Ref. [92]. The averageof one
current operator, which equalsthe dc� current 
o wing through the systemis then given by

I = hÎ i =
e

2~
Tr[W I (! = 0) � st] : (5.8)

The trace selectsthe diagonal matrix elements, which regardsthat the Keldysh line must
be closedat the end of the diagram, seeFig. 5.5, requiring that the dot state of the upper
and lower time branch match.

To seethat the diagrams in Fig. 5.4 and Fig. 5.5 are equal, one must consider that
all diagrams where the rightmost vertex is a tunnel vertex will canceleach other when
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Figure 5.5: Reformulation of the current asa function of W I (! = 0), the self-energywith
one tunnel vertex replacedby a current vertex.

performing the trace. This happens,sinceby moving the rightmost tunnel vertex from the
upper (lower) to the lower (upper) Keldysh time line, the diagram acquiresonly a minus
sign [65].

5.2.3 Curren t-curren t correlation

In this work, the frequency-dependent current noiseis de�ned as the Fourier transform of
S(t) = hÎ (t)Î (0)i + hÎ (0)Î (t)i � 2hÎ i 2, which can be written as

S(! ) =
Z 1

0
dt

�
hÎ (t)Î (0)i + hÎ (0)Î (t)i

��
e� i! t + e+ i! t

�

� 4� � (! ) hÎ i 2 : (5.9)

The noisesymmetrizedin frequencyis a real quantit y, which canbemeasuredby a classical
detector [113,114]. The unsymmetrizednoisewould have an additional complex compo-
nent, describingabsorption and emissionprocesses[115], that depend on the speci�cs of
the detector.

We are interested in the current noise, which can be measuredin the source-drain
circuit. At �nite frequencies,this current is not equal to the currents acrossthe sourceor
drain interface,sincedisplacement currents appear. Following the Ramo-Shockley [89,116]
theorem,the displacement currents canbe taken into account, by de�ning the total current
operator as the sum Î = (CL Î L + CR Î R)=(CL + CR) of the currents through the left and
right interface weighted by the interface capacitancesCL=R. Sincethe dot-lead interface
capacitancesare much lesssensitive to the contact geometry than the tunnel couplings
� L=R, we assumean equalcapacitanceof the left and right interface,while still allowing for
di�erent tunnel-couplingstrengths. Thereforewede�ned the current operator symmetrized
with respect to the left and right interfaceas already donein Section5.2.2.

The diagrammaticcalculationof the current-current correlationfunction is now straight-
forward. Instead of replacing one tunnel vertex by a current vertex on the Keldysh time
contour, as for the averagecurrent, one must replace two vertices. The additional fre-
quency ! of the Fourier transformation in Eq. (5.9) can be incorporated in the diagrams
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as an additional bosonicenergy line (dashed) running from t to 0, i.e., between the two
current vertices [110]. This line must not be confusedwith a tunnel line, since it only
transfers energy ~! , and no particle. By introducing the self-energyW all diagrams of
the current-current correlation function can be grouped in two di�erent classes[92,110]as
shown in Fig. 5.6. Either both current vertices are incorporated in the sameirreducible
block diagram, or into two di�erent onesthat are separatedby the propagator � (! ).

Figure 5.6: Regroupingof the noiseexpansionby introducing the irreducible self-energy
W , and the propagator � (! ).

The order of the current operator on the Keldysh contour is determinedby its ordering
in the correlator. The current operator at time 0 lies on the upper branch for hÎ (t)Î (0)i
and on the lower branch for hÎ (0)Î (t)i , compareAppendix A. Sincein Eq. (5.9) the noise
was de�ned symmetrizedwith respect to the operator ordering, just every combination of
current vertex replacements in the W 's are allowed. This includes also diagrams where
oneor both verticesare locatedon the lower time contour (thesetypesof diagramsare not
explicitly drawn in Fig. 5.6).

By including the current vertices and the frequency line in the self-energies,three
variants of the self-energyW are generated. The objects W I

> (! ) and W I
< (! ) are the

sum of all irreducible diagrams, where one tunnel vertex is replacedby a current vertex
in any topological di�erent way. The subindex > (< ) indicates, that the frequency line
connectedto the current vertex leavesor enters the diagram to the right (left) side. In the
zero-frequencylimit, the two objects becomeequal W I

> (! = 0) = W I
< (! = 0) � W I .

The third object W I I (! ) sumsirreducible diagramswith two tunnel vertices replaced
each by a current vertex in any topologicaldi�erent way. The current verticesareconnected
by the frequency line ! . The diagrammatical picture of the objects W (! ), W I I (! ),
W I

> (! ), and W I
< (! ) are shown in Fig. 5.7.

With thesede�nitions the diagramsfor the frequency-dependent noisein Fig. 5.6 can
be directly translated into the formula

S(! ) =
e2

2~
Tr[W I I (! )� st + W I

< (! ) � (! ) W I
> (! )� st]

� 2� � (! ) hÎ i 2 + (! ! � ! ) : (5.10)
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Figure 5.7: Di�eren t variations of the self-energyW . For ! ! � ! , the direction of the
frequencyline gets reversed.

The �rst line in Eq. (5.10) divergesas ! ! 0. While the W 's are regular for ! ! 0,
the propagator � (! ) goesas i=(� ~! + i0+ ) times � (t ! 1 ), which is related to � st via
Eq. (5.2). In the limit ! ! 0 the propagator therefore yields both a delta function � (! )
and a 1=! divergence.For the full expressionof the noise,thesedivergencesare canceled
by the delta-function term in the secondline of Eq. (5.10) and by the terms with ! ! � ! ,
respectively. As a consequence,S(! ) remainsregular also in the limit ! ! 0.

5.2.4 Low-frequency noise in the sequential-tunnel limit

The Equation (5.10) is the generalexpressionfor the frequency-dependent current noise.
In the rest of the Chapter, we consideronly the limit of weak dot-lead tunnel coupling,
� � kBT. Thereforeonly diagramswith at most one tunnel line are included in the W 's.
However, this procedure is not a consistent expansionscheme for the noise S(! ) itself.
By expanding the W 's up to linear order in �, the result of Eq. (5.10) is the consistent
noiselinear in � plus somehigher-ordercontributions proportional to � 2. Sinceco-tunnel
processesalso give rise to quadratic contributions, theseterms must be discardedas long
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as the quadratic cotunnel contributions of W are neglected. If one is interested in the
noiseup to secondorder in �, then thesehigher-orderterms generatedby lower-orderW 's
are, of course,an essential part of the result [117].

The interesting frequencyparameter regimeis - if oneneglectexternal magnetic �elds
at this point - if the frequency is at most of the sameorder of the tunnel coupling �.
In this parameter regime, the frequency-dependent current noiseshows signaturesof the
internal charge and spin dynamics of the quantum dot. By limiting the frequencyrange
to ~! . �, the frequencydependenceof the W 's can be neglected. Each correction of
the W 's would scaleat least with ! � � � 2, making them as important as the neglected
co-tunnel processes.

The neglect of the terms in W which are at least linear in frequencyhas two main
advantages. First, it considerablysimpli�es the calculation of the W 's. Second,it auto-
matically removes the quadratic parts of the noise,so Eq. (5.10) givesa result consistent
in linear order in �. In this low-frequencylimit, the noisecan then be written as

S(! ) =
e2

~
Tr[W I I � st + W I

h
� � 1

0 (! ) � W
i � 1

W I � st ]

� 2� � (! ) hÎ i 2 + (! ! � ! ) (5.11)

where W I � W I
> (! = 0) = W I

< (! = 0), W � W (! = 0), and W I I � W I I (! = 0).
This means,that the bosonicfrequencylines ! in the diagramsas shown in Fig. 5.7 can
be neglected.The only remaining frequency-dependent part is the freepropagator � 0(! ).

This formalism, of course,reproducesthe noisespectrum of a single-level quantum dot
connectedto normal leadsas known from literature [85]. If the dot levels are away from
the Fermi edgesof the leads,such that one can approximate the Fermi functions by one
or zeroonly, the Fano factor shows a Lorentzian dependenceon the noisefrequency!

F (! ) �
S(! )
2eI

=
1
2

"

1 +
(2� L � � R)2

(2� L + � R)2 + (~! )2

#

(5.12)

for a bias voltage allowing only an empty or singly occupieddot, and

F (! ) =
1
2

"

1 +
(� L � � R)2

(� L + � R)2 + (~! )2

#

(5.13)

for higher bias voltages,when double occupation is alsoallowed.

5.2.5 Technical summary

The technical schemefor calculating the zero- and low-frequencycurrent noiseis the fol-
lowing: First, the objects W , W I , and W I I must be calculated in the ! = 0 limit, using
the diagrammatic approach, seeAppendix B.
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In the next step, the reduced density matrix � st can be calculated. For technical
reasonsit is convenient to expressthe density matrix as introduced in Eq. (2.5) as a
vector: � st = (P0

0 ; P "
" ; P#

# ; Pd
d ; P "

# ; P#
" )T . Then the fourth-order tensors W 's and � (! )

are only 6 � 6 matrices, seeAppendix B, and standard computer implemented matrix
operations can be used. It is worth pointing out that in the vector notation, the trace for
examplein Eq. (5.11) is then not the sumof all elements of the resulting vector asassumed
by Ref. [101], but only the sum of the �rst four entries. These elements correspond to
the diagonal entries of the �nal density matrix. In the notation of Ref. [92], this can be
achieved by the vector eT = (1; 1; 1; 1; 0; 0).

The stationary density matrix follows from the masterEq. (5.5) 0 = � i (" � � " � )( � st )�
� +P

� 1 ;� 1
W �� 1

� � 1
(� st )� 1

� 1
under the constraint of probability normalization eT � � st = 1. The

average dc� current through the system is given by I = e=(2~)eT � W I � � st . In the
low-frequency limit the frequency-dependent propagator � (! ) can be constructed from
the frequency-dependent freepropagator � 0(! ) and the frequency-independentself-energy
W (! = 0). The low-frequencynoise is then given by the matrix multiplication S(! ) =
e2=(2~)eT � (W I I + W I � (! )W I ) � � st + (! ! � ! ), where the i0+ in the denominator of
the propagator is alreadydropped,sincethe term arising from the i0+ contribution cancels
the delta function in Eq. (5.10).

5.3 Results

In this Section, the results for zero- and �nite-frequency current noisein a quantum dot
connectedto ferromagnetic leads with non-collinear magnetizationsare discussed. The
relative energiesof a single-level dot is sketched in Fig. 5.8.

Figure 5.8: Sketch of di�erent energiesinvolved. Sincewe assumeequal tunnel-interface
capacities,the voltage drop on the left and right side is symmetric.



68 CHAPTER 5. FREQUENCY DEPENDENT CURRENT NOISE

By assumingkBT � �, and that the single-particlestate is above the equilibrium Fermi
energyof the leads,higher-ordertunnel processes[38,88,115,117]can be neglected.

5.3.1 Zero-frequency noise

In Fig. 5.9, we plot the results for F (! ! 0) = S(! ! 0)=(2eI ), i.e., the zero-frequency
Fanofactor for the quantum dot contacted by ferromagneticleads. In Fig. 5.9(a), the leads
are aligned parallel. For eV=2 < ", when the dot level is above the lead Fermi energies,
the dot is predominantly empty, and interaction e�ects are negligible leading to a Fano
factor of unity. In the voltage window " < eV=2 < " + U, when the dot can only be
empty or singly occupied,one can observe super-Poissoniannoisedue to dynamical spin
blockade [28,88,94,109] for su�cien tly high lead polarization. The minority spins have a
much longerdwell time insidethe dot than the majorit y spins. In this way, they e�ectively
chop the current leading to bunches of majorit y spins. While the current in this regime
I = 2� L � R=(2� L + � R) doesnot depend on the polarization p of the leads,the Fano factor

F (0) =
41+ p2

1� p2 � 2
L + � 2

R

(2� L + � R)2
(5.14)

even divergesfor p ! 1. If the voltage exceedsthe value necessaryto occupy the dot with
two electrons(eV=2 > " + U), the noiseis no longer sensitive to the lead polarizations.

Also in the caseof anti-parallel alignedleads,the Fanofactor risesin the voltageregime
" < eV=2 < " + U as seenin Fig. 5.9(b). The dot is primarily occupiedwith an electron
with majorit y spin of the sourcelead, i.e., minority spin for the drain lead, sincethis spin
hasthe longestdwell time. If the electron tunnels to the drain lead, it getspredominantly
replacedby a majorit y spin of the sourcelead. For a high enoughleadpolarization, only one
spin component becomesimportant. Further this spin component is strongly coupled to
the sourceleadand weakly coupledto the drain lead, thereforethe Fano factor approaches
unity.

If the leads are non-collinearly aligned, for example if an angle � = � =2 is enclosed
as shown in Fig. 5.9(c), a qualitativ ely di�erent behavior can be observed. Now, the
typical Coulomb plateaus are modulated. This shape arises,sincethe dot spin starts to
precessaround the lead magnetizations. The tunnel coupling between the ferromagnetic
lead r =L/R and the dot inducesthe exchange�eld contribution

B r = p
� r n̂r

� ~

Z 0

d!
�

f r (! )
~! � " � U

+
1 � f r (! )
~! � "

�
; (5.15)

asdiscussedin Chapter 4. This exchangeinteraction causesan intrinsic spin precessionof
the dot spin around the lead magnetizations. This exchange�eld automatically appears
in a rigid calculation of the generalizedtransition rates W .

The intrinsic spin precessiondue to the exchange�eld counteracts the dynamical spin
blockade. The exchange coupling to one lead is maximal, if its Fermi energy coincides
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Figure 5.9: Zero-frequencycurrent noisethrough a quantum-dot spin valve. In panel (a),
the leadmagnetizationsare alignedparallel, in panel (b) anti-parallel, and in panel (c) the
lead magnetizationsenclosean angle of � =2. The di�erent lines correspond to di�erent
values of the lead polarization p. Other parametersare " = 10kBT, U = 30kBT, and
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.
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with the dot energy levels. The coupling to the sourcelead is maximal at the voltages
eV=2 = " and eV=2 = " + U and changesits sign in between. Therefore the reduction
of the Fano factor is non-monotonic,and so is the variation of the Coulomb plateaus. It
is worth pointing out that to observe this spin precessionmechanism in the conductance
of the device,a relatively high spin polarization of the leadsis required. But the noiseis
much more sensitive to this exchangee�ect than the conductance,so that a polarization
as expectedfor Fe, Co, or Ni [56] is well su�cien t.

The current, the zero-frequencycurrent-current correlation, and the Fano factor are
plotted in Fig. 5.10asfunction of the angle� betweenthe two lead magnetizationvectors.
The gray linesare for biasvoltageeV = 50kBT, wherethe exchange�eld in
uence is weak,
the black lines are for the bias voltage eV = 30kBT, where the exchange interaction is
more pronounced.Sinceboth voltagesare within the voltage window allowing only single
occupationof the dot, compareFig. 5.9, the tunnel ratesdo not changesigni�cantly within
this voltage range. Only the exchange�eld doesvary with bias voltage. On onehand the
precessionof the dot spin in the exchange�eld leadsto an increaseof the current (compare
Chapter 4) in Fig. 5.10(a). On the other hand, the precessionsuppressesbunching, which
decreasesthe noise, seeFig. 5.10(b). Therefore the spin precessiondecreasesthe Fano
factor in Fig. 5.10(c).

For � = 0 and � = � the accumulated spin is collinearly aligned with the exchange
�eld, thereforeno spin precessiontakesplace,and the black and gray lines merge.

5.3.2 Finite-frequency noise and weak magnetic �elds

The dc� conductanceof the quantum-dot spin valve is a direct measureof the time-averaged
spin in the dot. On the other side,the power spectrum of the current noisecanalsomeasure
the time-dependent dynamicsof the individual electronspinsin the dot. The spin precesses
in the exchange�eld as well as an external magnetic �eld. This givesrise to a resonance
signal in the frequency-dependent noiseat the Larmor frequencyof the total �eld.

By including an external magnetic �eld in the noisecalculation, onehasto distinguish
two di�erent parameter regimes:either the Zeemansplitting � � g� BBext is of the same
order of magnitude as the level broadening � � � L ; � R, or it signi�cantly exceedsthe
tunnel coupling � � � L ; � R. This sectionfocuseson the �rst case,while the latter caseis
treated in Section5.3.3.

By choosing the spin-quantization axis of the dot subsystemparallel to the external
magnetic �eld, the magnetic �eld only inducesa Zeemansplitting of the single-particle
level " in " " = " + � =2 and " # = " � � =2. Since � � � L ; � R, the W 's can also be
expandedin � and only the zeroth-orderterms needsto be kept, sinceeach correction of
the self-energieswould be proportional to � � � � � 2. The Zeemansplitting must only be
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consideredfor the free propagator. With Eq. (5.4), the propagator is then given by

� 0(! ) =

0

B
B
B
B
B
B
@

i
~! + i 0+ 0 0 0 0 0

0 i
~! + i 0+ 0 0 0 0

0 0 i
~! + i 0+ 0 0 0

0 0 0 i
~! + i 0+ 0 0

0 0 0 0 i
~! +�+ i 0+ 0

0 0 0 0 0 i
~! � �+ i 0+

1

C
C
C
C
C
C
A

; (5.16)

wherethe matrix notation asintroducedin Section5.2.5is used. The two last rows of this
matrix govern the time evolution of � #

" and � "
#, representing the spin components transverse

to the quantization axis, i.e., transverse to the applied magnetic �eld. The change of
the denominator by the Zeemanenergy� describes just the precessionmovement of the
transversespin component. Sincethe freepropagator� 0(! ) is a function of �, the Zeeman
energymodi�es the full propagator � (! ) as well as the (zeroth-order) stationary density
matrix � st, via the master Eq. (5.5).

The numerical results are plotted in Fig. 5.11 { Fig. 5.13. In Fig. 5.11 the magnetiza-
tions of the leadsare alignedparallel, and a magnetic �eld is applied perpendicular to the
lead magnetizations.With parallel-alignedleadsand equalpolarizations in both leads,no
averagespin accumulates on the dot, and therefore the current-voltage characteristic as
shown in the inset of Fig. 5.11,shows neither magnetoresistancenor the Hanlee�ect (com-
pare Chapter 4) if a transversemagnetic �eld is applied. In contrast to the conductance,
which depends on the averagedot spin only, the frequency-dependent noise is sensitive
to the time-dependent dynamicsof the spin on the dot. Therefore, the �eld-induced spin
precessionis visible in the noise power spectrum. For B = 0 the Fano factor shows a
Lorentzian dependenceof the noisefrequency. Thereby the Fano factor exceedsunity due
to the bunching e�ect, as discussedin Section5.3.1. With increasingmagnetic �eld, spin
precessionlifts the dynamical spin blockade inside the dot, and the Fano factor decreases
at ! � 0.

Furthermore the precessionof the electronspinsinside the quantum dot givesrise to a
resonanceline approximatively at the Larmor frequencyof the applied magnetic�eld. Due
to tunnel-magnetoresistancee�ects, the precessionof the dot spin modulates the e�ective
tunnel rates,which modify the current-current correlation function at the frequencyof the
precession.Therefore the �eld-induced spin precessionis visible as resonanceline in the
current noisepower spectrum.

The appearingresonanceline canbecharacterizedby linewidth, line form, and position.
The linewidth of the resonanceis given by the damping due to tunnel events and is of
order �. The line shape depends on the relative alignment of the lead magnetizations
and the applied magnetic �eld. It can resemble an absorption or dispersion line shape,
but especially in the low-frequencyregime ! < �, the Lorentzian background related to
the zero frequencynoisecontributions, and the rather complicatedspin dynamics lead to
a strong deformation of the line. In Fig. 5.12, the noiseresonanceis plotted for di�erent
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Figure 5.11: Frequency-dependent Fano factor of a quantum dot connectedto parallel
aligned leads with perpendicular applied external magnetic �eld. The parameters are
p = 0:5, " = 10kBT, U = 30kBT, eV = 40kBT, and � L = 2� R. The inset shows the current
bias-voltage characteristic, which doesnot depend on the applied magnetic �eld.

openinganglesof the leadmagnetizations,while the magnetic�eld is appliedperpendicular
to both magnetizations. In this situation, the diversity of possibleline shapesis especially
pronounced.Wewill revisit the mechanismleadingto the di�erent line shapesin Sec.5.3.3.
In the limit of strong magnetic�elds, and thereforeat high frequencies,the discussiongets
much more transparent.

Due to the deformation of the line shape at low frequencies(! < �), the absolute
position of the resonanceline is hard to detect, compareFig. 5.12. But besidethis technical
aspect, there exist alsoa physical mechanism for a deviation of the resonanceline position
from the Larmor frequency, one would expect by consideringthe applied magnetic �eld
only: the exchangeinteraction betweenferromagneticleadsand dot spin. The spin inside
the dot precessesin the total �eld containing the external magnetic�eld and the exchange
�eld, seeEq. (5.15). Depending on the relative orientation of lead magnetizationsand
applied magnetic �eld, the exchange�eld can increaseor decreasethe total �eld strength.

To emphasizethe in
uence of the exchange �eld on the resonanceposition, we plot
the �nite frequencynoise in Fig. 5.13 for di�erent bias voltages. Thereby the lead mag-
netizations enclosean angle� = � =2, and an external magnetic �eld is applied parallel to
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Figure 5.12: Fano factor of a quantum-dot spin valve asa function of the noisefrequency.
An external magnetic �eld g� BBext = � = � =2 is applied perpendicularly to both lead
magnetizations.The leadmagnetizationsenclosethe angle� = 0 (solid), � = � =2 (dashed),
� = � (dotted), and � = 3� =2 (dot-dot-dashed). The vertical gray line marks the Larmor
frequencygiven by the external magnetic �eld only. Other system parametersare as in
Fig. 5.11.

the sourcelead magnetization. The di�erent consideredbias voltagesbelongto the same
current plateau, as indicated in the inset of Fig. 5.13. This meansthat the transition rates
do not changesigni�cantly within this voltage window. Still the resonanceposition shifts
with bias voltage, sincethe exchange�eld and, therefore, the total �eld dependson bias
voltage.

In the lead and �eld con�guration discussedin Fig. 5.13, the exchange �eld is more
e�ective in shifting the resonance,comparedto the previousplots, sincethe contribution
from the sourceleaddirectly addsa contribution parallel to B ext . In Fig. 5.11and Fig. 5.12,
the exchange �eld contributions are always aligned perpendicular to the external �eld,
which weakensthe in
uence of the exchangeinteraction.
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angle � = � =2 and an external magnetic �eld g� BBext = 1=2� is applied parallel to the
sourcelead magnetization. The vertical gray line againmarks the Larmor frequencygiven
by the external magnetic �eld only. For the three di�erent bias voltages, eV = 30kBT
(dotted), eV = 45kBT (dashed) and eV = 70kBT (solid), the strength of the exchange
�eld varies,and so doesthe position of the resonancepeak. Other systemparametersare
as in Fig. 5.11.

5.3.3 Limit of strong magnetic �elds

The current-current correlation function S(! ) is a measureof the averageover two current
measurements with a relative time di�erence of multiples of 1=! . On the other side, the
time betweentwo tunnel events is given by the inverseof the tunnel coupling strength �.
Therefore, the condition ! � � and ! � � de�ne physical di�erent parameter regimes.
If ! � �, which de�nes the the zero-frequencyregime, on averageseveral tunnel events
placebetweenthe two current measurements. Therefore, the noisewill re
ect mainly the
behavior of averageproperties,which for examplecausesto bunching. In the other regime,
when ! � �, the noisewill mostly re
ect the correlation betweentwo sequencingtunnel
events.

To illustrate this point, we discussin this Sectionthe caseof an applied magnetic�eld,
where the Zeemanenergy � � g� BBext � � L ; � R exceedsthe tunnel coupling strength.
Then, the interesting signal in the noise spectrum will be at the frequency ! � � �
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�. As a simpli�cation, we still consider the W 's as independent of � as well as of ~! .
This assumptionis justi�ed, as long as the distancebetweenthe quantum-dot states and
lead Fermi surfaceswell exceedstemperature kBT, the Zeemansplitting �, and the noise
frequency~! .

For a clear analytic expression,the stationary density matrix is expandedin zeroth
order in � =�, and only the noisefrequencyrange ! = � � � is consider. In this regime
the �rst �v e diagonalentries of the free propagator in Eq. (5.16) can be treated as zeroth
order in �, i.e., their contribution drops out for the lowest-ordernoise,and only the last
entry 1=(! � �) � 1=� is kept. This considerably simpli�es the calculation, since all
bunching e�ects and the exchange�eld components perpendicular to the external �eld can
be neglected.

Let us considera single-level quantum dot with such an applied voltage, that we can
approximate the Fermi functions by f L (" ) = 1 and f L (" + U) = f R(" ) = f R(" + U) = 0.
This applied bias voltage allows only an empty or singly-occupied dot. For an external
applied magnetic �eld perpendicular to both lead magnetizationsB ext ? n̂L ; n̂R the Fano
factor

F (! ) =
1
2

+
p2

4
� 2

R cos� + � R(~! � �) sin�
� 2

R + (~! � �) 2
(5.17)

shows a resonancesignal at the Larmor frequency~! = �. Depending on the angle � ,
enclosedby the two lead magnetizationdirections, the resonanceline has the character of
an absorption or dispersion line, seeFig. 5.14.

By shifting the gatevoltagesuch that f L (" ) = f L (" + U) = f R(" ) = 1 and f R(" + U) = 0,
the dot will always be at least occupiedby one electron. Then the noiseshows the same
resonance,only � R and � must be replacedby � L and � � .

If the leadsarealignedparallel, the electronwill leave the dot primary directly after the
tunnel-in event, or after onerevolution. In this case,the decay is modulated with a cosine
function. If the leadsare aligned perpendicular to each other, then the electron must be
rotated by the angle � =2 (or 3� =2) beforethe maximum probability for the tunneling-out
event is reached. The decay is then modulated by a (minus) sine function. This phase
shift determinesthe lineform of the noiseresonance.

The origin of the resonanceis the correlation in time betweenthe tunnel-in event, and
the tunnel-out event: hI L (0)I R(t)i . We can understand the appearanceof the resonance,
within the following (simpli�ed) picture. Considerthat at t = 0 an electron tunnels from
the source(left) lead into the dot. Thereby the spin of the incoming electron is polarized
along the sourcelead magnetization.

Due to the �nite applied bias voltage, the electron can only decay to the drain (right)
lead. The rate of this decay dependsvia tunnel magnetoresistanceon the alignment of the
electronspin and the drain lead magnetization. The tunnel-out event is more likely, if the
spin is aligned parallel to the lead magnetization than if it is aligned anti-parallel. In the
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Figure 5.14: Fano factor as a function of noise frequency, for di�erent angles � . The
applied voltage doesallow only a singleoccupation of the dot. Other systemparameters
are as in Fig. 5.13.

applied magnetic �eld the spin precesseswith the Larmor frequency�. This precession
leadsto the oscillating modulation [1+ pcos(� t=hbar � � )] of the tunnel rate. The phase
� of this modulation equalsthe relative angleof the lead magnetizations.

We guess,that the probability P(t) to �nd the electronstill on the dot after a tunnel-in
event took placeat t = 0 is given by the di�erential equation

dP(t)
dt

= �
� R

~
[1 + p cos(

�
~

t � � )] P(t) ; (5.18)

with the boundary condition P(t = 0) = 1. By solving this linear di�erential equation, the
probability as function of time equals

P(t) = A � exp(�
� R

~
t) � exp[�

� R

�
p sin(

�
~

t � � )] ; (5.19)

with the normalization constant A = exp[� � R sin(� )=�]. The current I R(t) through the
drain interface is proportional to the time derivative of the occupation probability, see
Eq. (5.18). If we expandthe gainedexpressionin zeroth order in � R=�, we get

I R(t) / �
� R

~
[1 + pcos(

�
~

t � � )] exp(�
� R

~
t) : (5.20)
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The current-current correlation function in Eq. (5.17) is then just trivialy related to
the Fourier transformation of this time-dependent current. This is quite remarkable as
Eq. (5.17) is the result of a rigid calculation, while Eq. (5.18) is the outcome of phe-
nomenologicalconsiderations.

At this point, wecanunderstandthe approximation of high �eld/frequency. In Eq. (5.19)
wederived the decay of the occupationprobability. Due to the oscillating part of the tunnel
rate, the decay is rather complicated. But sincethe time scaleof the decay (/ � R) is slow
comparedto the oscillation frequency, we can averagethe decay rate over an oscillation
period, which is equivalent to neglecting the terms proportional to � R=�. Within this
approximation, the decay of the occupation probability in time is then just exponential.
In the low-frequencyrange� � � R, asdiscussedin Sec.5.3.2,the non-trivial decay yields
a more complicatedresonanceline in the current-current correlation function.

The phasedependenceof the noise resonanceas shown in Fig. 5.14 is also predicted
for a double-dot system[100,101,105]. Let us considertwo dots connectedin series,see
Fig. 5.15A), and an electron from the left (source)electrode enters the left dot. Sincethis
is not an eigenstateof the isolated double-dot system, the electron coherently oscillates
betweenthe two dots with the frequency! R. After the time t = � =! R, the electron is in
the right dot and cantunnel to the drain lead. This correspondsto the � = � caseresulting
in a dip in the noise. The realization of the � = 0 casewould be a double dot where the
left (source) and right (drain) lead is contacted to the samedot, seeFig. 5.15B). Here
the electron must stay a multiple of 2� =! R inside the double dot to tunnel to the drain
lead, giving a peak in the frequencynoisespectrum. Other valuesof � have no double-dot
systemanalog.

Figure 5.15: The double-dot analog for the decay phaseshift � = 0 and � = � of the
electrons.



5.3. RESULTS 79

5.3.4 In
uence of spin relaxation

The density matrix approach o�ers a way to phenomenologicallyinclude spin relaxation
by supplementing the matrix W by

W 0 = W + ~

0

B
B
B
B
B
B
@

0 0 0 0 0 0
0 � 1

2T1
+ 1

2T1
0 0 0

0 + 1
2T1

� 1
2T1

0 0 0
0 0 0 0 0 0
0 0 0 0 � 1

T2
0

0 0 0 0 0 � 1
T2

1

C
C
C
C
C
C
A

: (5.21)

The entries in the lower right corner of Eq. (5.21) describe the exponential decay of the
transversespin components on the time scaleT2, and the block in the upper left corner
describesan equilibration of the occupationprobability for spin up and down. If onede�nes
the averagespin vector on the quantum dot by S = (P "

# + P#
" ; iP "

# � iP #
" ; P "

" � P#
# )=2 the

masterEq. (5.5) becomesthe Bloch equationascalculatedin Chapter 3. The new term in
Eq. (5.21) introducesan additional exponential decay term in this Bloch equation. In the
limit of weakZeemansplitting asdiscussedthroughout the paper, T1 and T2 becomeequal,
and W 0 includes an isotropic exponential damping of the spin on the dot. Thereby the
masterequationdescribingthe changeof the probability @t (P

"
" + P#

# ) for singleoccupation
is not a�ected by this relaxation term.

The modi�ed rate matrix W 0 enters the noise calculation via the calculation of the
stationary density matrix and via the propagator � (! ). The numerical solution for the
caseof parallel aligned lead magnetizationsis plotted in Fig. 5.16.

With increasingthe spin decoherence,the spin-related e�ects decrease,which is the
expected behavior for spin decoherence.To completely suppressthe spin-related e�ects
the spin lifetime must signi�cantly exceedthe inversetunnel coupling, i.e., the spin-related
e�ects are not very fragile against spin decoherence.

Several articles [26,101,118] try to model spin relaxation by the Hamiltonian H rel =
Rcy

" c# + R?cy
#c" ; which is from the physical point of view dissatisfying, since it does not

describe incoherent relaxation processesbut coherent precessionin a transversemagnetic
�eld [119]. This ansatzpredicts a completelydi�erent behavior of the frequency-dependent
current noise. Instead of a suppressionof all spin-related e�ects with increasingthe pa-
rameter R, as expected for spin relaxation, an external �eld generatesa resonanceline.
With increasingthe �eld strength, this line just shifts to higher and higher frequencies,
but doesnot vanish.
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Figure 5.16: Frequencydependenceof the Fano factor if the leads are aligned parallel.
With increasingspin relaxation, the spin blockade and therefore the bunching e�ect is
reduced.Other systemparametersare as in Fig. 5.11.

5.4 Chapter summary

By contacting a quantum dot to ferromagneticleads,the transport characteristic through
the device crucially depends on the quantum-dot spin. In the previous Chapters, we
examined the in
uence of the time-averageddot spin on the dc� conductance. In this
Chapter the in
uence of the time-dependent dot-spin precessionon the current-current
correlation function was discussed.The spin precessionof the dot electronspins is caused
by the tunnel-inducedexchange�eld and an applied external magnetic �eld.

In the zero-frequencylimit, the spin precessionlifts the dynamical spin blockade, and
thereforereducesthe zero-frequencynoise. At the Larmor frequency, corresponding to the
sum of exchangeand applied �elds, the single-spinprecessiongeneratesa resonancein the
frequency-dependent current-current correlation function. Responsible for the resonance
is the tunnel-out processof a dot electron to the drain lead. Due to magnetoresistance,
the tunnel probability dependson the relative angleof dot spin and drain magnetization.
Therefore, the spin precessionleadsto an oscillation of the tunnel probability, visible in
the current-current correlation function. The shape of the resonancein the current-current
correlation caneither have an absorptionor dispersionlineshape, dependingon the relative
anglebetweenthe lead magnetizations.
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Finally, a properly inclusion of spin decoherencewas shown, and discussedwhy mod-
eling spin relaxation by an external �eld transverseto the spin quantization axis, as done
sometimesin the literature, is unsatisfying.
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Chapter 6

Corresp ondence of a Quan tum-Dot
Spin Valv e to a Double Quan tum Dot

Two quantum dots contacted in seriesseemto be qualitativ ely di�erent from a quantum-
dot spin valve as discussedin the previousChapters. But sincea serial double dot is just
another realization of a generictwo-level system,such asspin, there exist a closetechnical
as well as physical correspondencebetweenthesetwo systems.Therefore, the predictions
madefor the quantum-dot spin valve, especially the appearanceof an exchange�eld, can
also be tested on double dots. This Chapter contains results acquired in a joined work
together with B. Wunsch from the University of Hamburg.

6.1 In tro duction

A serial double-dotsystemconsistsof two individual quantum dots labeledby left (L) and
right (R), which are tunnel coupled by the rate �. Each dot is contacted by a separate
lead labeled left (source)and right (drain), seeFig. 6.1.

GL
V
2+GR RD
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2
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VL VR

PSfrag replacements

jL i jRi

Figure 6.1: Sketch of a double quantum dot in serial bias geometry.
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Contacting a quantum dot to ferromagneticleads,is still an experimentally challenging
task, thus the experimental con�rmation of the spin dynamics discussedso far will not
be trivial. Therefore it would be interesting to test our ideas in double quantum-dot
structures, since highly elaborate experimental techniques are available to control and
characterizethesedevices[120{122].

Double quantum-dot systemsare so well developed, sincethey are candidatesfor re-
alizing charge [123] or spin qubits [124], but also sincedouble dots are ideal systemsto
investigate various quantum mechanical e�ects such as molecular binding [125,126] or
coherent dynamics [127] between the constituent dots. Furthermore, many informations
about the systemcan be technically easily deducedfrom the electric conductanceof the
device[128]. Recent experiments using doublequantum dots include the measurements of
quantum mechanical level repulsion due to inter-dot coupling [129] as well as due to ex-
ternal magnetic �elds [130], the detection of molecularstates in a double-dot dimer [131],
and the observation of coherent time evolution of the dot states [127].

6.2 Mapping of the double dot on a spin valv e

The double-dot problem can be reducedto the spin-valve systemwith an external applied
magnetic �eld by introducing a pseudo/isospinvector I , as often used in the quantum
information community [123,124]. The up/down state of the pseudospin is given by one
electron sitting in the left/righ t dot of the double well potential.

The topology of the double-dot system can be described by introducing an isospin
polarization of the leads. The left lead can be assigneda polarized along the isospin up
direction n̂L = (0; 0; 1), and the right sideanalogn̂R = (0; 0; � 1). Then, an electron from
the left leadwill tunnel only in the isospinup state, i.e., to the left dot, and electronsfrom
right lead only to the isospin down state = right dot. In this language,an applied bias
voltage yields an isospinaccumulation parallel to the z� axis.

Transport through serial double dots, as depicted in Fig. 6.1 inherently visualizesthe
basic quantum mechanical conceptof coherent superposition of charge states [132]. Due
to the inter-dot tunnel amplitude �, the states jL i and jRi localizedin the left and right
dot, are no energyeigenstatesof the double-dot dimer. This yields a coherent oscillation
of the electron between the left and the right dot [133{137] as it was shown in recent
experiments [123,127]. In the isospinpicture, this coherent time evolution is generatedby
a magnetic�eld B ? applied transverseto the lead(iso-)magnetizationdirections. Thereby
the strength of the perpendicular �eld equalsthe inter-dot tunnel amplitude �.

The atomic-like energy level of the left and right dot is given by EL=R. An energy
level mismatch " = EL � ER of the dot levels suppressthe coherent oscillation of the
electronsin the double-well potential. A more careful analysis shows, that this e�ect is
analogousto a magnetic �eld B k applied collinear to the lead (iso)magnetizationsin a
quantum-dot spin valve. In Chapters3, we predicted, that an exchange�eld arisesdue to
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Figure 6.2: Sketch of a double quantum dot in the representation of a spin valve. The
isospinstate up/down labels the left or right double-dot state. The isospin I precessesin
the perpendicular magnetic-like �eld component B ? , describing the coherent oscillations
between the left/righ t dot state, generatedby the inter-dot coupling. The detuning of
the energy levels in the left and right dot suppressesthis oscillation as a magnetic �eld
component B k would suppressthe spin precessionof I .

the tunnel coupling to the ferromagneticleads. This �eld is collinear aligned to the lead
magnetization, therefore it should be just added to the �eld B k. Back in the double-dot
picture, this means,that the tunnel coupling of onelead to onedot shifts the energylevel
of this onedot. Sincethe left and right dot levelsare tunnel coupledto di�erent reservoirs,
and the level renormalization is a function of the level energy, the lead chemicalpotential,
and the tunnel coupling, the energy shift of the left and right dot levels is, in general,
di�erent, leading to a modi�cation of the level separationenergy" = EL � ER .

This renormalization of energylevels can be observed in the transport properties of a
serial dot systembecausethe conductancethrough the double dot is very sensitive to the
di�erence of the energy levels. The current passingthrough the structure as function of
the level missmatch shows a resonanceat " = 0. The width of the resonanceis given by the
tunnel couplings[138],which canbemuch smallerthan the temperature. This sharpnessof
the resonancemakesthe conductancea valuableexperimental tool, for exampleto measure
the shell structure of quantum dots [139].

It is well known [65,140] that the tunnel coupling to reservoirs renormalizesenergy
levels. But in single-dot geometriessuch an energy renormalization is only accessiblein
transport of higher order in the tunnel coupling strength. In the conductanceof a serial
double dots, this renormalization e�ect becomesvisible already in the limit of weak dot{
lead coupling, described by transport to �rst order (sequential tunneling) in the tunnel
coupling strength � = � L + � R.
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Figure 6.3: Schematic energypro�le for a double dot coupled in seriesto two reservoirs.
Each reservoir is coupled to the dot of the corresponding side by the coupling strength
� r . The inter-dot coupling is determined by �. The energiesof the two dot states are
characterizedby the meanenergy �E and their relative distance".

6.3 Mo del Hamiltonian

We model the double quantum dot contacted in seriesby the Hamiltonian [134{137,141]

H =
X

r =L ;R

H r + HDots + HT : (6.1)

The �rst part of the Hamiltonian describes the electric contacts on the left (L) and right
(R) side. Thesecontacts are large reservoirs of non-interacting electronsmodeled by the
Hamiltonian H r =

P
k;� " r kcy

r k� cr k� . Here cr k� ; cy
r k� denote the annihilation and creation

operators for electronsin the reservoir r 2 f L; Rg with spin � . The reservoirs are assumed
to be in equilibrium, that they can be characterizedby the Fermi distribution functions
f L=R(! ). An applied bias voltage V is modeledby di�erent chemical potentials in the left
and right contact f L=R(! ) = f (! � eV=2), seeFig. 6.3.

The secondpart of the Hamiltonian, HDots , describestwo dots, containing oneelectronic
level each. We further allow a �nite Coulomb interaction betweenelectronswithin onedot,
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and betweenthe two dots,

HDots =
X

r =L ;R

Er nr + UnL nR + U0(nL" nL# + nR" nR#) : (6.2)

Here, ni� = dy
i� di� and ni =

P
� dy

i� di� are the occupation-number operators for dot i 2
f L; Rg with spin � , where di� ; dy

i� being the annihilation and creation operators of an
electron on dot i with spin � . Each dot consistsof a single electronic level at the energy
EL=R measuredrelative to the equilibrium chemicalpotential of the leads.Weparameterize
the levels by their averageenergy �E = (EL + ER)=2 and their di�erence " = EL � ER,
so that EL=R = �E � "=2. Double occupation of one individual dot is associated with the
intra-dot charging energyU0. Simultaneousoccupationof both dots with oneelectroneach
costs the inter-dot charging energyU with U0 � U. States with three or more electrons
in the double dot are not consideredin the following. The remaining eigenstatesof H Dots ,
then, are: both dots empty j0i , oneelectronwith spin � in the left jL� i or right dot jR� i ,
and oneelectronin each dot jL� R� 0i . Weassumethat the intra-dot chargingenergyalways
exceedsthe lead Fermi energies.Therefore the states with two electronsin the samedot
jL� L �� i and jR� R�� i will havea vanishingoccupationprobability. However, thesestateswill
appear as intermediate (virtual) states in our calculation, providing a natural high-energy
cut-o�.

The third part HT = H � + H � of the Hamiltonian Eq. (6.1) describesboth, tunneling
betweenthe two dots, H � , as well as tunneling betweendots and leads,H � ,

H � = �
�
2

X

�

�
dy

L� dR� + dy
R� dL�

�
(6.3)

H � =
X

k�

tLkcy
Lk� dL� + tRkcy

Rk� dR� + h:c: (6.4)

Due to the serialgeometry, an electronfrom the right (left) reservoir canonly tunnel to the
right (left) dot. The tunnel couplingof reservoir r to the correspondingdot is characterized
by the coupling strength � r (! ) = 2�

P
k jt r k j2� (" r k � ! ). Thereby the coupling strength

� is de�ned as an energy, which means,that the averagetunnel rate is given by � =~. We
consideronly spin conservingtunneling processes,and assume
at bandsin the reservoirs,
which yield energyindependent couplings� r . Furthermore, the inter-dot tunnel coupling
amplitude � is chosento be a positive, real parameter, which can be always achieved by
a proper gaugetransformation.

6.4 Kinetic equations

In the following Sectionthe stationary reduceddensity matrix � st for the double-dotsystem
and the dc� current through the systemis calculated. The reduceddensity matrix of the
doubledot is obtained from the density matrix of the wholesystemby integrating out the
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reservoir degreesof freedom. The Liouville equation for the stationary reduceddensity
matrix then has the structure

0 = i~
d
dt

� st = [HDots ; � st] + [H � ; � st] + iW � st : (6.5)

The �rst two commutators represent the internal dynamics on the double dot, which de-
pendson the level separation" and the inter-dot coupling �. The third part of Eq. (6.5)
accounts for the tunnel coupling betweendouble dot and external reservoirs. The fourth
order tensor W contains real and imaginary parts, associated with particle transfer pro-
cesses(tunnel rates) and with tunnel induced energy renormalization of the dot levels,
respectively. The latter hasbeenneglectedin previousworks [135{137].

In Appendix C.1, the samediagrammatic technique is deployed to determine W for
the double-dot problem, as used in Appendix B to calculate the generalizedrates for
the quantum-dot spin valve. The di�erence between the two problems are the di�erent
possiblequantum-dot states, and the di�erent allowed transitions between them. Beside
the real-time diagrammaticapproach [65,142]alsoalternative techniquesareavailablesuch
as Bloch-Red�eld theory [143,144].

In the following the limit of weak tunnel coupling between double dot and leads is
discussed.Therefore,W needsonly to be calculated to up to lowest order in the tunnel-
coupling strength � = � L + � R, which de�nes the so-calledsequential-tunneling approxi-
mation. This approximation implies that all tunneling events are independent from each
other. That assumptionis correct, as long asco-tunnel events can be neglected,i.e., away
from Coulomb blockade regions,and as long as kBT � �. Latter restriction arisesfrom
the fact, that correlationsgeneratedin the bath during a tunnel processdecay on the time
scale~=kBT [145],(this re
ects the extensionin time of the tunneling line in Fig. C.1 and
Fig. C.3), while the averagetime between consecutive tunneling events is given by the
inverseof the coupling strength ~=�.

The energyeigenstatesof the double-dot subsystemHDots + H � are the bonding and
anti-b onding states with energiesEb=a = �E � � ab where � ab =

p
� 2 + "2 denotestheir

energysplitting. This identi�es � ab as frequencyof the chargeoscillations [123,127],and
� as minimum distancebetweenthe bonding and anti-b onding eigenstatesas function of
the left and right energy level [129]. If the splitting exceedsthe intrinsic broadeningof
the levels, � ab � �, then the internal oscillations are fast, and transport through the
double-dot system takes place through two separateincoherent levels. In this case,o�-
diagonalmatrix elements of the stationary density matrix vanish, which can be seenfrom
the expansionof the Liouville equation in zeroth order in � which gives 0 = i~ d

dt P
a
b =

� abPa
b + O(�). Here P � 1

� 2
denotesthe matrix element P � 1

� 2
= h� 1j� st j� 2i of the reduced

density matrix.

The more interesting transport regime is in the opposite limit, � ab . �, where the
external coupling strongly modi�es the internal dynamics, which is captured by the o�-
diagonal elements of the reduceddensity matrix [136,137]. Combined with the validit y
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condition for sequential tunneling � � kBT this implies � ab � kBT. This implies, that
the internal oscillations are slow comparedto the decay time scaleof the tunnel-induced
correlations. As a consequence,insteadof the bondingandantib ondingstates,the localized
states jL� i and jR� i can be used as eigenstatesof the double dot in the calculation of
W . This choice of basisstates facilitates the interpretation of the double-dot dynamics
signi�cantly. Technically, the condition � ab . � � kBT meansthat for a consistent theory,
we do not only expand W in Eq. (6.5) to �rst order in �, but also have to expand it to
zeroth order in � ab. This is accomplishedby replacing the energiesEL=R arising in the
calculation of W by the meanlevel energy �E = (EL + ER)=2. (Thereforeour formulasonly
contain the Fermi functions at the averagesingleparticle level f r ( �E), while energiesof the
order of the inter-dot tunneling or the level separationaresmearedout by temperature). It
is worth to point out, that by using the localizedstatesasbasisof W , oneis automatically
limited to the regime� ; " � kBT [133,135{137].

The technical detailsof how to calculateW aredescribed in Appendix C.1. The master
Eq. (6.5) then must besolvedunder the constraint of probability normalization Tr[� st ] = 1.
The explicit systemof master equationsis given in Appendix C.2. The stationary current
I is given by the time derivative of the expectation value of the total number of electrons
in either the left or the right lead. For the lowest-order expansionused in the present
context, the current can alternatively be written in the form [137]

I = � e
i
~

h[H � ; nL ]i = �
e
~

�Im (
X

�

PL�
R� ) ; (6.6)

whereIm denotesthe imaginary part. As interesting sidenote, by introducing the pseudo
spin Bloch vector I = (P L

R + PR
L ; iP L

R � iP R
L ; PL

L � PR
R )T =2, the current is just proportional

to the I y component, i.e., the spin component transversalto the lead isospinmagnetization
directions.

6.5 Discussion

The stationary current takesthe functional form

I =
e
~

� 2 A
B 2 + "2

ren
: (6.7)

The numerical factors A and B depend only on the tunnel coupling constants � L , � R, and
� as well as on the Fermi distribution functions f L=R( �E) and f L=R( �E + U) of the left and
right lead, but not on the level energydi�erence ".

The Eq. (6.7) shows the well-known [137,138]Lorentzian dependenceof the current on
the energyseparation" ren betweenleft and right dot level. However the energyseparation

" ren = " + � EL � � ER (6.8)
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is a�ected by the renormalizationof the bare localizedlevels. This is the central statement
in this Chapter. The tunnel-inducedshift � Er of the energylevel in dot r is given by

� Er = � r ( �E) � 2� r ( �E + U) + � r ( �E + U0) (6.9)

with

� r (! ) =
� r

2�
Re	

�
1
2

+ i�
! � � r

2�

�
: (6.10)

Here, Re denotesthe real part, 	 is the digammafunction, and � L=R = � eV=2 labels the
leads`chemical potentials. It is worth to point out that this energyrenormalization is not
due to a capacitative but rather due to the tunnel coupling to the reservoirs. Furthermore,
it vanishesin the noninteracting caseU = U0 = 0. The intra-dot chargingenergyU0 (which
is usually treated as in�nite to avoid doubleoccupancyof onedot) servesasa natural cut
o� for the energyrenormalization in Eq. (6.9). This is the reasonwhy the corresponding
charge states are allowed as intermediate states � 5 in Fig. C.2, while the probability to
measurethesestatesequalszero.

To compare the result obtained for the stationary current with previous theoretical
works, we approximate the Fermi functions by f L ( �E) = 1 and f L ( �E + U) = f R( �E) =
f R( �E + U) = 0. This approximation simpli�es the current in the limit, that the doubledot
can only be occupiedby up to a singleelectron, to

I =
e
~

� R � 2

� 2
�

2 + � R
2� L

�
+ 4(" ren)2 + � 2

R

;

Neglectingrenormalization e�ects (setting " ren = "), this equation reproducesfor example
Eq. (4.19) in the paper by Gurvitz [136]. Choosingthe voltagessuch that the dot structure
can also be doubly occupied, f L ( �E + U) = f L ( �E) = 1 and 0 = f R( �E) = f R( �E + U) one
obtains Eq. (4.18) of Ref. [136].

Several publications assume,that if the lead Fermi energiesare far away from the
electronic states of the dots, then the principal value integrals (Eq. C.10), leading to the
renormalization, can be neglected. However the energy shifts are relevant on an energy
scalegiven by the charging energyU, as shown in Fig. 6.4a). Therefore the assumption,
that one can neglect renormalization e�ects and still excludestates with more than one
electron occupying the double dot is not justi�ed.

6.5.1 Curren t-v oltage characteristics

The energy shift of the localized levels is proportional to the tunnel coupling strength
and dependson the dot-level positions relative to the respective lead Fermi energy. The
renormalizedlevel separationas function of the bias voltage is plotted in Fig. 6.4a). The
level separation " ren reaches a (local) extremum each time, when the Fermi energy of a
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Figure 6.4: Upper Part: Renormalizedlevel separation" ren (solid line) betweenthe elec-
tronic levels in the left and right dot as function of the transport voltage V. The spacing
" ren is extremal, when the chemical potential of a lead aligns with the energyneededfor
either single( �E) or double occupation ( �E + U). Lower part: Current-voltage characteris-
tics for bare (dashedline) and renormalizedlevel spacing(solid line). Renormalizationof
energy levels causesan asymmetric current-voltage characteristic. The current increases
(decreases)whenever the level spacingis reduced(increased)with respect to the barevalue.
Plot parametersare: " = � = � R = � L = � =2, �E = 10kBT, U = 20kBT, and U0 = 100kBT.
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lead becomesresonant with the energyneededfor single (� r = �E) or double occupation
(� r = �E + U).

The Fig. 6.4b) shows the current as function of the transport voltage taking the level
shift into account (solid line). By neglecting the level shifts (dashed line), the current
shows a typical Coulomb staircase.The stepsoccur when a lead chemical potential aligns
with the electronic levels in the double dot. Since the bare energy level separation " as
well as the inter-dot tunneling � shall be of the order of or smaller � � f � ; "g and we
consider� < kBT, the di�erent singleparticle statesare not resolved asindividual stepsin
the I � V staircase. Within this approximation the results are independent of the ration
� =kBT, however it assumesthat kBT > �.

The tunnel inducedrenormalizationintroducesadditional featuresin the staircase(solid
line in Fig. 6.4b). Whenever the magnitudeof the renormalizedlevel spacinggrows(drops)
the current decreases(increases).This causesespecially a suppressionor an enhancement
of the current around the stepsof the I � V characteristic, leading to regionsof negative
di�erential conductance.The width of thesefeature is of the order of the charging energy
and can exceedtemperature and coupling strength signi�cantly.

Neglecting renormalization e�ects and assumingsymmetric coupling to the reservoirs
(� L = � R ), the current through the doubledot is an odd function of the transport voltage
(seedashedline in Fig. 6.4b). This is no longerthe casewhenrenormalization is taken into
account (seesolid line in Fig. 6.4b). The reasonfor this asymmetry is that even though the
changeof asymmetry, � EL � � ER , causedby level renormalization is antisymmetric with
respect to the biasvoltage, this in not true for the total asymmetry " r en = " + � EL � � ER

due to the non-vanishing bare splitting " (seeFig. 6.4a). A comparableasymmetry in
transport through two coupled dots was recently observed by Ishibashi et al. [146] and
theoretically described by Franssonet al. [140].

6.5.2 Stabilit y diagrams

Unfortunately, a negative di�erential conductancefeaturecannot beuniquely linked to the
predicted renormalization e�ects. Due to interfacecapacitiesthe level positions in the left
and right dot are always a�ected by the transport voltage in real experiments [138,147].
To excludethe e�ect of interfacecapacities,we proposea di�erent experiment: measuring
the current I (EL ; ER) at a constant transport voltage as function of the left and right dot
gate voltage VL / EL and VR / ER.

Let us �rst neglectrenormalization e�ects, and considera realistic multi-level dot with
low bias voltage applied. By applying a larger gate voltage to the left dot, successively
more electronswill occupy the left dot, analogthe right dot. There are regionsmarked by
(N; M ) in Fig. 6.5, wherethe left dot is occupiedby N , and the right dot by M electons.
If the two dots would be completely independent, theseregionswith �xed chargenumbers
would form a rectangular checkerboard pattern. But the charge interaction between the
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two dots separatesthe (N; M ) and the (N + 1; M + 1) states. Therefore the regionsof
stable chargeoccupationsare six-sidedand form a so called honeycomb pattern.

VR

VR

VL

VL

(0,2) (1,2) (2,2)

(0,1) (1,1) (2,1)

(0,0) (1,0) (2,0)

Figure 6.5: A honeycomb pattern marking the regionsof �xed chargeoccupation numbers
of the two dots in the gate voltage parameterspace.Only at the intersectionpoint of the
regionsof three chargestates,current can crossthe structure.

Transport through the doubledot is only possibleat gatevoltages,wherethree di�erent
charge states are simultaneously energeticallyallowed, i.e., at the black points, seeinset
of Fig. 6.5. At the lower left point in the inset, the double dot can be empty, then an
electron from the left lead can enter the left dot, can tunnel to the right dot and exit the
structure. At the upper right point, the double dot must always stay occupiedby at least
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oneelectron. However, if the right dot is occupied,an electroncanenter the left dot. Then
the right dot electron can tunnel out, and afterwards the left dot electron can tunnel to
the right dot. At �nite sourcedrain voltages these conducting points enlargealong the
direction EL � ER to lines, seeFig. 6.6.

VL

VR

Figure 6.6: For a �nite sourcedrain voltage, the current allowing regionsform stripes.

If we neglect level renormalization, elastic sequential tunneling from the left to the
right dot is only possibleif EL = ER . Furthermore electron transport from the left to
the right reservoir takes only place if the dot level for single ( �E) or double occupation
( �E + U) is located in the bias voltage window. Thereforethe current resonanceforms two
stripes in the regions � eV=2 < �E < eV=2 and � U � eV=2 < �E < � U + eV=2. Away
from the current stripesthe occupation number of the left and right dot (NL ; NR) is �xed,
and no current can crossthe structure. For a detailed discussionon stabilit y diagramsfor
transport through double dots we refer to the review of van der Wiel et al. [120].

Now we considerour full numerical result, and include the level renormalization. The
resulting stabilit y diagram is plotted in Fig. 6.7a).

We again can recognizethe two current stripes. In the absenceof renormalization
e�ects, the current stripeswould exactly coincidewith the condition EL = ER. By plotting
the current asfunction of the meanlevel position �E = (EL + ER)=2 and the relative energy
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Figure 6.7: Left panel: Stabilit y diagram I (EL ; ER) of the current through the double
dot in the nonlinear transport regime. Well inside the areas,separatedby the black line,
the occupation of the individual dots is �xed to the written values (NL ; NR). Elastic
sequential current can crossthe structure for EL � ER and either � eV=2 < �E < eV=2
or � eV=2 < �E + U < eV=2 resulting in two current stripes. Right panel: Gray scale
plot of the current as function of the averagesingle particle energy �E and the bare level
separation " = EL � ER . The di�erent renormalization of left and right level shifts the
current maxima by � ER � � EL (dashedblack-white line) where" ren = 0 . This causesa
tilting of the current stripesrelative to each other. Relevant plot parametersarekBT = 2�,
� L = � R = � = � =2, V = 10kBT, U0 = 100kBT, and inter-dot chargingenergyU = 20kBT.

di�erence " = EL � ER , as done in Fig. 6.7b), one would therefore expect a straight
horizontal line. Instead, the maximum of the current follows the renormalization shift,
wherethe condition " ren = 0 is ful�lled. The shift of the resonanceis of order � as shown
in Eq. (6.9) and can be small on the scaleof bias voltage or temperature. However, the
width of the current maxima in the stabilit y diagram in Fig. 6.7 is not determined by
temperature but rather by the dominant coupling strength max(� ; �) [138]. Thereforethe
resonancewidth is sharpenoughto be able to measurethe renormalizationof energylevels
if � & � as usedin Fig. 6.7.

In the nonlinear transport regime� Er dependson �E and thereforethe current stripes
in Fig. 6.7 are bent and tilted against each other. This dependencecan be used as a
stringent experimental prove of the renormalization of energylevels. Due to internal cross
capacities,always appearing in real experiments, the gate voltage of one dot is a linear
function of the gate voltage of the other dot. Therefore the stabilit y diagram I (VL ; VR)
as plotted in Fig. 6.7a) would experiencea linear sheartransformation. However straight
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(parallel) lines stay straight (parallel). Thus, crosscapacitiescan not mimic the bending
due to renormalization e�ects.

In real experiments in addition to the resonant current stripesexplainedhere, further
featurescan arise due to inelastic processes,co-tunneling, or due to excited levels within
the bias voltage window [120]. Thesee�ects mainly lead to featureswithin the triangles
above the current strips in Fig. 6.6 and are expected not to interfere with our presented
results.

6.6 Chapter summary

If a quantum dot is connectedto a reservoir, the tunnel coupling causesan energyrenor-
malization of the electronicdot states. In the quantum-dot spin valve, the spin-dependent
renormalization leadsto an exchange interaction causingintrinsic spin precessionon the
dot. In the serial double-dot device, the renormalization changesthe energeticdistance
betweenthe left dot energylevel and the right dot level. This a�ects the conductanceof
such a double-dot structure already in the sequential tunnel regime,due to its high sensi-
tivit y on the relative detuning of energylevels. Thereforewe proposeto usea double-dot
systemasdetector for theseenergyrenormalization e�ects.

The renormalization a�ects the current-voltage characteristics, leading to regions of
prominent negativedi�erential conductancesin voltagewindowsof the orderof the charging
energy. However, to excludecross-capacity e�ects, it would be experimentally moreusefull
to measurethe conductanceas function of the two gate voltagesfor left and right dot at
a �xed �nite bias voltage. In the resulting stabilit y diagram of the doubledot, the current
stripesare then tilted againsteach other and do not lie on a straight line, as it is the case
when energyrenormalization is neglected. The tilting of the current stripes is resolvable
even in the sequential tunneling regime� > kBT, as long as the inter-dot tunneling, � is
of the sameorder or smaller than the external coupling � � �.



Chapter 7

Faraday-Rotation Fluctuation
Spectroscop y

In the previous Chapters, we have discussedin detail the in
uence of the coherent spin
dynamics on the transport characteristic of a quantum dot contacted by ferromagnetic
leads. Besidetransport also other experimental techniques are available to examine the
spin dynamics in quantum dots like optical measurement methods.

7.1 In tro duction

Mainly two optical measurement schemesfor the spin dynamics in nanostructuresare in
use: the Hanlesetup[148,149]and the time-resolvedFaraday (or Kerr) rotation experiment
[150,151]. The former rely on decreaseof photoluminescencepolarization dueto an external
magnetic �eld, the latter on the dependenceof the phasevelocity of polarized light on the
spin orientation in the sample. The Hanle setup measuresthe spin of excited electrons,
the Faraday setup doesnot require such excitation. That an optical measurement of the
spin degreeof freedomis possibleat all is a consequenceof spin-orbit coupling.

The main quantities, these experiments access,is the Land�e g� factor and the spin-
coherencetime of electronsinsidequantum dots. It is expected,that quantum dots exhibit
very long spin-coherencetimes [81]. In locally con�ned systems,longitudinal spin relax-
ation times T1 up to microsecondsweremeasured[153,154],but the sizeof the (transversal)
spin-coherencetime T2 is still under investigation. Theselong spin-coherencetimes makes
spins in nanostructurespromising candidatesfor quantum bits [155]. The anticipation of
an application in quantum information processingis onemain motivation for the intensive
research on spin decoherencein semiconductors,and semiconductornanostructures.

While time-resolved Faraday rotation as well as the Hanle measurement have proven
to be a very preciseexperimental tool, capableto addressspin decoherencetimes down to

97
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a few ps, they have one main disadvantage. A measurement involvesalways an ensemble
averagingover all illuminated spins. Due to local variations in the g-factor aswell asdueto
hyper�ne interaction, the individual spinsin the samplewill precesswith slightly di�erent
frequencies,which givesrise to inhomogeneousline broadening. Therefore,the outcomeof
such a measurement is T?

2 instead of the bare spin-coherencetime T2.

In the following Chapter, a new optical experiment is discussed,which relies on the
Faraday e�ect, but doesnot require time-resolution, which considerablysimpli�es the ex-
perimental setup: the Faraday-rotation 
uctuation spectroscopy. Furthermore, we propose
a modi�cation of the already realizedsetup, to eliminate certain sourcesof inhomogeneous
line broadening.

7.2 Exp erimen tal setup

A Faraday-rotation 
uctuation experiment consistsof the following components: a laser,
an electromagnet,a polarization beam splitter, a balancedreceiver, and a spectrum ana-
lyzer. The linearly polarizedlaseris transmitted through the sample,perpendicular to the
magnetic �eld, seeFig. 7.1. After being transmitted through the sample, the laser light
is split into two components by a polarizing beam splitter, which is rotated by 45o with
respect to the initial laserpolarization plane. The two components are recordedby photo
diodes. A balancedreceiver converts the di�erence of the output of the photo diodesinto
voltage, which is recordedby a spectrum analyzer.

 tQ(  )

z

Sample

B

x

plane
polarization

Laser

Analyzer
Spectrum

Figure 7.1: A linear polarized laser is sent through the probe. Due to the interaction with
the electron spins, the polarization plane rotates, which gets recorded.
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The laserphoton energyis tuned slightly below the excitation energyof the spin states,
to minimize absorptionand maximizethe Faraday rotation of the polarization plane. Since
there is no averagemagnetizationalongthe propagationdirection of the laserlight, the time
averagedFaraday-rotation angleof the light is zero,and sois the averagevoltage recorded
by the spectum analyzer. However, while the averageFaraday rotation and therefore the
averagevoltage vanish, the 
uctuations do not. The recordedvoltage 
uctuations are a
direct measureof the Faraday-rotation 
uctuations, which re
ect the transversespin-spin
correlation function of the spins in the sample.

7.2.1 The exp erimen t of Cro oker et al.

The �rst measurement of this kind was reported by Crooker et al. [156]. They use a
rubidium vapor cell as sample,with a vapor density of 109 atoms/mm3. The Ru valence-
electronsare in the 2S1=2 ground state. In the power spectrum of the recordedvoltage
noise,Crooker et al. observed Lorentzian resonancelines originating from the precession
of spin 
uctuations in the applied magnetic �eld, seeFig. 7.2. The position in frequency
of the Lorentzian resonanceequalsthe precessionfrequencyof the electrons,and the line
width correspondsto the transversespin coherencetime of 100ms.Herethe measuredtime
is rather the dwell time of the gasatoms in the laserspot than the true spin decoherence
time which is on the order of a secondfor Ru. Two di�erent lines were observed, which
belongto the isotopes85Rb and 87Rb. Due to hyper�ne interaction, the di�erent nuclear
spins of 85Rb (I = 5=2) and 87Rb (I = 3=2) changethe e�ective Land�e g� factor of the
electrons,and thereforetheir precessionfrequencies.

7.2.2 The exp erimen t of Oestreic h et al.

In contrast to the group of Crooker et al., Oestreich et al. [157]useda solid-statesample:
a 370 � m thick GaAs wafer, which was n-doped with 1:8 � 1016 cm� 3 silicon. Also in this
experiment the power spectrum of the Faraday-rotation 
uctuations shows a Lorentzian
resonancepeakat the Larmor frequencyof the electrons,seeFig. 7.3. Comparedto the Rb
gas,the electronsin the solid-stateenvironment have a much shorter spin-coherencetime
of only 50 ns, and thereforethe measuredresonanceline hasa much larger line width.

7.3 Theoretical description

The experiments by Crooker et al. [156] and Oestreich et al. [157] can conveniently be
described within a density-matrix formulation, as used in the previous Chapters of this
dissertation. SinceFaraday-rotation measuresthe spin component collinear with the laser
propagation direction, the 
uctuation of the Faraday rotation is a direct measureof the
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Figure 7.2: Faraday-rotation noiseof Ru atoms as measuredby Crooker et al. [156]. The
Faraday 
uctuations are of the order of nrad=

p
Hz.

transversespin-spin correlation function

S(t) = ĥsx(t)ŝx(0) + ŝx(0)ŝx(t)i : (7.1)

The averageof operators can be expressedby the trace ĥsx(t)ŝx(0)i = Tr[ŝx(t)ŝx(0)� ] ;
where � is the SU(2) density matrix describingone localizedspin in the sample,and ŝ is
the 2 � 2 Pauli spin operator. The time evolution of the operator ŝx in the Heisenberg
picture reads

ŝx(t) =
~
2

exp[i
Z t

0
Ĥ (� )d� ]� x exp[� i

Z t

0
Ĥ (� )d� ] ; (7.2)

if Hamiltonians at di�erent times commute, which will be the casefor a magnetic �eld. It
is convenient to represent the correlator S(t) as a diagram with the operators ŝx(0) and
ŝx(t) placed on a Keldysh time contour tK , seeFig. 7.4. The spin states " ; # propagate
along the upper time contour from the time 0 to t, and on the lower line from t to 0. This
takesinto account the Heisenberg time evolution of ŝx(t) as in Eq. (7.2).

Insteadof readingthe time contour alongtK for the individual spin statesof the Hilbert
space,it is more intuitiv e to read the diagram from left to right, and interpret the double
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Figure 7.3: Faraday-rotation noiseof a spin ensemble measuredby Oestreich et al. [157],
together with a �t to a Lorentzian function as expectedfor a singlespin, seeEq. (7.5).

line of upper and lower Keldysh propagator as the time evolution of the whole density
matrix � �

� 0. At time 0 the spin state of the initial density matrix � (0) is measuredby the
operator s. Then, the density matrix propagatesfrom time 0 to time t, and the spin is
measuredagain. From this perspective, Eq. (7.1) can be rewritten as

S(t) =
1
2

Tr[s � (t) s � ] : (7.3)

The (Liouville) operator s accounts for placing ŝx at the upper or lower Keldysh contour,

ipping the spin from � to �� . By summing both possibilities, the time symmetrization
of Eq. (7.1) is taken into account. The factor of 1=2 in Eq. (7.3) corrects for a double
counting during this procedure. The (Liouville) operator s is a fourth order tensor with
s� ��

� 0� 0 = s� 0� 0

� �� = ~=2 and zerootherwise.

Between the two spin measurements at time 0 and time t, the propagation of the
density matrix is described by � � �

� 0� 0(t) = exp
n

� i
Rt

0 [h� jĤ (� )j� i � h� 0jĤ (� )j� 0i ]d�
o

. Since

the spin quantization axis is chosenalongthe magnetic�eld, the states� ; � 0 areeigenstates
of the Hamilton operator, and no elements of � with di�erent spin indices on the upper
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Figure 7.4: Diagrammatic representation of S(t). The operators ŝx are placedon the time
contour at time 0 and t, respectively.

(or the lower) propagator appear.

The formulation of Eq. (7.3) o�ers the possibility to phenomenologicallyinclude trans-
versespin relaxation in the calculation. If the initial density matrix was in a diagonal
state, the �rst spin operator ŝx brings it into a non-diagonalstate � �

�� . During the time
evolution from 0 to t non-diagonaldensity matrix elements decay exponentially with the
time scaleset by the spin-coherencetime T2. This is accounted for by multiplying � � �

�� �� (t)
with exp(� t=T2).

The Hamilton operator describingthe spin states in the presenceof a static magnetic
�eld is H (t) = � ! 0 ŝz with ! 0 = g� BB. Consequently the propagator is then given by

� � �
� � = 1; � ""

## = ei ! 0 t � t=T2 ; � ##
"" = e� i ! 0 t � t=T2 : (7.4)

The resultingpower spectrum S(! ) =
R1

0 dt[exp(� i! t)+exp(i! t)]S(t) of the time-dependent
correlator S(t) equalsthen

S(! ) =
~2

2

�
T2

1 + T2
2(! � ! 0)2

+
T2

1 + T2
2(! + ! 0)2

�
: (7.5)

It shows a Lorentzian resonancecentered at the Larmor frequency ! 0. In Fig. 7.3, we
performeda �t of a Lorenzian to the experimental data of Oestreich et al. [157].

The origin of the resonancecan be understood by tracking the time evolution of the
spin betweenthe two measurements. Let us assumethat at time t = 0 the spin is aligned
parallel to the direction of measurement, as shown in Fig. 7.5. The outcomeof the �rst
measurement therefore equalssx = + ~=2. This spin then precessesin the static external
magnetic �eld. If the time between�rst and secondmeasurement is an integer times the
time for a full revolution of the spin, the outcomeof the secondmeasurement will most
probable be sx = + ~=2, i.e., the results of the two measurements coincide. The spin
relaxation on the time scaleT2 decreasesthe probability to measurethe samespin state.
For half-integer multiples of the spin revolution time, the measurement results will have
opposite signs. The spin-spin correlation function is, therefore, an oscillating function
in time, which is exponentially damped due to decoherence.The corresponding power
spectrum is a Lorentzian centered at the Larmor frequency! 0 with a width of T2. This
argument also holds, if the initial spin state is a coherent superposition of spin up and
down, which implies, that the initial spin is unimportant. This can also beenseenform
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the fact, that Eq. (7.5) is independent of the initial density matrix. Therefore,in contrast
to ESR and ESR-like experiments, no initial net magnetizationof the sampleis needed.

S
S

S
(a) B (b) B (c) B

photon photon

Figure 7.5: Sketch of the electron-spindynamics in the Faraday setup with a static mag-
netic �eld. (a) At time t = 0, the spin is measured.(b) Betweenthe two measurements, the
spin precessesin a static transversalmagnetic�eld B . (c) If the secondmeasurement takes
placeafter a full revolution of the spin, it reproducesthe outcomeof the �rst measurement.

7.4 Spin life time and line broadening

The experimental relevant variablesof such a Faraday-rotation 
uctuation experiment as
well as in any other electron-spin-resonancelike experiment is the line position and the
line width. With the knowledgeof the applied �eld strength, the line position in frequency
is a direct measureof the Land�e g� factor. The spin coherencetime is given by the inverse
of the line width. There are several physical mechanismslimiting the spin coherencetime.

7.4.1 Spin-orbit coupling

One sourceof decoherenceis spin-orbit coupling. Spin-orbit coupling can lead to a variety
of di�erent relaxation mechanisms. The most important mechanisms are Elliott-Y afet
[158,159]and D'yakonov-Perel' [160,161].

In the presenceof spin-orbit coupling, the spin-up and spin-down statesare not longer
energy eigenstatesof electronswith �nite momentum. The new momentum eigenstates
are an admixture of the two spin states. Therefore, if an electron experiencesany kind
of scattering event, by a phonon or a lattice disturbance for example,there exist a �nite
overlap of the di�erent spin states,and spin 
ip scattering can occur. This mechanism is
called Elliott-Y afet mechanism [158,159].

For the D'yakonov-Perel' spin relaxation mechanism [160,161], spin-orbit interaction
can be seenas a magnetic �eld, which dependson the momentum of the electron. Since
the electronmotion in the semiconductoris random due to random scattering events, also
this magnetic�eld is inducing random precessionof the spin, which generatesdecoherence.
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While spin-orbit coupling is expected to be the dominant limitation of spin coherence
in extendedstructures, it is expected, that the spatial con�nement of electronsin nano-
structures strongly suppressesthesespin-relaxation mechanisms[77,152], leading to long
spin coherencetimes.

7.4.2 Hyp er�ne in teraction

The sourceof spin decoherence,which is expected to dominate spin relaxation in nano-
structures is the coupling of the electron spins to the nuclear spins via hyper�ne interac-
tion [79{81,162]. The nuclear spins are usually randomly distributed, so that on average
they do not generatea magnetic�eld. However, in a statistic distribution of nuclearspins,
statistic 
uctuations are present. The electronspin can then precessin the hyper�ne �eld
generatedby bunchesof accidentally aligned nuclear spins.

7.4.3 Inhomogeneous line broadening

Currently available experimental setups,like the Faraday-rotation 
uctuation, Hanle and
time-resolved Faraday-rotation measurements, but also standart ESR setupsare not ca-
pable of measuringan individual spin. To get a reasonablesignal, an averageover a spin
ensemble has to be performed. However, this ensemble averaging does not only increase
the signal strength, but alsocan leadsto a broadeningof the resonance.Due to local vari-
ations of either the g-factor in the sampleor the strength of the external magnetic �eld,
but alsodue to the di�erent realizationsof the hyper�ne �eld in the vicinit y of individual
spins,each spin precesswith a slightly di�erent frequency. By adding the individual spin
contributions to the measurement signal, the inverseline width becomesT ?

2 insteadof the
bare spin-coherencetime T2.

Especially in materials containing elements with a high nuclear spin, hyper�ne inter-
action can be the dominating sourceof decoherence.On the other side, inhomogeneous
broadeningdueto g� factor variations becomesmoreandmoreimportant with a decreaseof
samplehomogeneity. For examplein chemically synthesizednanostructures,like nanocrys-
talline CdSe quantum dots, spin life-time measurements are completely dominated by
inhomogeneousbroadening[163,164]. Sincethe sizeand shape of the synthesizedquantum
dots vary, also the g-factor will be di�erent for each dot.

Such an inhomogeneousbroadeningof the line width can be avoided by a spin-echo
experiments, as �rst demonstratedfor NMR by Hahn [165] and for ESR by Blume [166].
The ideabehind this approach is to preparean initial polarizedspin state, and let it precess
in a magnetic�eld. After sometime T the spin direction is 
ipp ed by a � -pulse. From the
perspective of the spin-systemthe static magnetic�eld switches,and asa consequence,the
spins precessin backward direction. At time 2T, irrespective of the precessionfrequency
of the individual spins,all spinswill align again,giving rise to an `echo' of the original spin
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state. Consideringthe height of the spin echo as function of time 2T constitutes a direct
measurement of the bare spin-coherencetime.

To reduceinhomogeneousbroadeningin a Faraday-rotation 
uctuation measurement,
we proposean experiment, that is analogto spin-echo spectroscopy. The experiment will
be not as powerfull as pulse-ESR,since it will be capableof subtracting the in
uence of
g� factor and �eld strength variations only, and not reducethe in
uence of hyper�ne in-
teraction. However, in contrast to pulse-ESRit will be a continuouswave experiment, and
therefore does not require any time resolution, which considerablysimpli�es the experi-
mental implementation.

7.5 Prop osal to reduce inhomogeneous broadening

We suggestto use an oscillating magnetic �eld instead of a static one in the Faraday-
rotation 
uctuation setup. Then the resonancewill not appear at the (locally varying)
Larmor frequencydeterminedby the strengthof the magnetic�eld, but at multiples of the
magnetic-�eld frequency. Sincethe �eld frequencydoesnot vary locally, inhomogeneous
broadeningdue to chemicalor structural sampleinhomogeneitiesis avoided. However, the
line broadeningdue to hyper�ne interaction will persist.

The di�erence to the caseof a static magnetic �eld is that the spin precessionbetween
the two measurements changesits direction as a function of time. The spin detectedby
the initial measurement �rst precessesin onedirection but then stopsand precessesback.
After a full oscillation period of the external �eld, the spin will be just back at its starting
point, seeFig. 7.6. If the secondmeasurement takesplace at this time, the outcomewill
be equal to the �rst measurement, i.e., the measurements will be correlated.

Technically, an oscillating magnetic �eld is described by the time dependent Hamilto-
nian

H (t) = � ! 0 sin(
 t + � ) � ŝz (7.6)

where 
 labels the �eld oscillation frequency. With this Hamiltonian, the propagator
� (t), including a phenomenologicalrelaxation term, can be constructed. Since the ex-
periment should be a continuous-wave experiment, there shall be no correlation between
the phase of the magnetic �eld oscillation, and the absolute time of measurement of
the spins. Therefore, the propagator is averagedover the relative phase� , and equals
� ""

##(t) =
R2�

0 (d�= 2� ) exp[� t=T2 � i! 0=
 (cos(
 t + � ) � cos� )]. The explicit calculation of
this integral is shown in Appendix D. The power spectrum of the spin-spin correlation
function

S(! ) = ~2
+ 1X

n= �1

�
Jn

�
! 0




�� 2 T2

1 + T2
2(! + n
 )2

(7.7)
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Figure 7.6: Sketch of the spin dynamicsin the Faraday setup with an oscillating �eld: (a)
The initial measurement of the spin state. (b) In the external �eld the spin precessesin one
direction. (c) When the �eld changesits sign, the spin precessesin the opposite direction.
(d) After a full �eld-oscillation time, the spin is again in its initial state.

consistsof a seriesof Lorentzian resonancesof the width T � 1
2 , as plotted in Fig. 7.7. The

signal strength is proportional to the squareof Besselfunctions Jn of the �rst kind. If the
argument of these Besselfunctions is of the order of 1, one can expect approximatively
half of the signal magnitude comparedto the caseof a static magnetic �eld [157].

The relevant property of the correlation spectrum is, that the resonancesappear at
multiples of the oscillation frequency
 of the external magnetic�eld. Sincethis frequency
does not vary locally over the sample, the width of the resonancesis not in
uenced by
variations of the g� factor in the sample. This is di�erent to the caseof a static magnetic
�eld, wherethe position of the resonanceis de�ned by the Larmor frequencyof the spins.

The appearanceof these multi-resonancesis extensively discussedin the context of
ESR and NMR, seeRef. [167] and citations therein. In magnetic resonanceexperiments,
the absorption of radiation is measured,which can induce transitions between Zeeman
splitted energylevels. By adding a modulating signal on top of the static magnetic �eld,
responsible for the Zeemansplitting, a spectrum comparableto Eq. (7.7) is found. How-
ever, the spectrum is shifted by the Larmor frequencyassociated with the static magnetic
�eld. Therefore, by averaging over an ensemble of spin systems,the spectrum is again
in
uenced by inhomogeneousbroadening. In contrast, for the Faraday-rotation 
uctuation
spectroscopy schemethat we propose,no static magnetic �eld is needed,and inhomoge-
neousbroadeningis lesspronounced.

To understand the sequenceof peak heights in Fig. 7.7, S(! ) is shown in Fig. 7.8 as a
gray scaleplot as function of ! =
 and ! 0=
 . The horizontal lines indicate the parameters
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Figure 7.7: Spectrum of the spin-spin correlation function for di�erent ratios of magnetic
�eld strength to oscillation frequency. For a higher ratio ! 0=
 , moreresonancelinesappear
for higher frequencies,while the signal strength decreases.Here,we choseT � 1

2 = 0:1
 .

for the two spectra in Fig. 7.7. If the time between the two spin measurements falls
signi�cantly below the time neededby a spin to closeits tra jectory, no spin correlation can
be measured.ThereforeFig. 7.8 shows no signal in the parameter range! > ! 0.

While the only physical limitation of the proposedexperiment is that the samplestruc-
ture must exhibit spin-orbit coupling, the generationof the oscillating magnetic�eld de�nes
the technical limitation. To measurethe line width T2, individual lines must be resolved.
Thereforethe separationof the lines given by the �eld frequency
 must exceedT � 1

2 . Fur-
thermore, to get the resonanceat ! 6= 0, the �eld strength ! 0 must be comparableto the
�eld frequency
 .

Oestreich et al. measureda T ?
2 of 50nsin a GaAs sample. If we use this time as the

lowest boundary for T2, and demanda separationto width ratio of 5:1, the frequencyof
the oscillating magnetic �eld should be of the order of 100MHz, and have a strength of
16mT. Such a �eld con�guration is technically challenging. Even though GaAs is a less
interesting sample,since it is assumed,that hyper�ne interaction is dominating the line
width, a proof of principle should be possiblewith such a sample.
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Figure 7.8: Spin-spincorrelation spectrum, as function of the ratio ! 0=
 and frequency!
for T � 1
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Inhomogeneousbroadeningdue to samplevariations becomesmore important either
for systemswith larger spatial 
uctuations like quantum-dot ensembles [151,164], or for
systemswith larger spin-coherencetimes (= lesshyper�ne interaction). The latter also
have the advantage, that the experimental requirements for the oscillating magnetic �eld
relax. For examplein Si, wherehyper�ne interaction is weaker comparedto GaAs, a T2 of
1� s would be detectablewith a technical easily realizable�eld of 180� T at an oscillation
frequencyof 5MHz. In the caseof a Rb gassamplewith a spin-coherencetime exceeding
100� s [156], the �eld requirements relax even further. Sincefor maximum signal strength,
! =! 0 shouldbe of the order 1, and for lower frequenciesother sourcesof noisesuch as1=f -
noisebecomemore important, the magnetic �eld strength hasa lower practical bound.
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7.6 Connection to quan tum computation

Recently such a \Besselstaircase"asin Fig. 7.8 wasmeasuredby Oliver et al. [168],not in
a spin systembut for the excitation probability in a strongly-driven superconducting
ux
qubit usedas Mach-Zehnderinterferometer.

A 
ux qubit is a system with e�ectively two quantum mechanical states j0i and j1i ,
where each state represents a circular super-current which encloseseither N or N + 1

ux quanta. By applying an external magnetic 
ux, the energiesof the states change,
seeFig. 7.9. At a certain external magnetic �eld, it becomesenergeticallyfavorable, that
another 
ux quantum enters the superconductingring, i.e., the two levels j0i and j1i cross.
However, due to the Josephsonjunction in the qubit, this level crossingis avoided, leading
to a gap of the energy�.
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Figure 7.9: Avoided level crossingof the 
ux qubit.

Oliver et al. [168] prepared the qubit in the initial state j0i by applying a static 
ux
detuning � f q, marked by the black dot in Fig. 7.9. Then, they applied an oscillating
magnetic �eld resulting in an oscillating detuning of the qubit. If the oscillation frequency
and the strength of the magnetic �eld exceedsthe energy level separation �, the qubit
doesnot adiabatically follow the avoided level crossing(straight line), but Landau-Zener
transitions betweenthe levels can take place(dashedlines).

After applying the oscillating magnetic �eld with a maximum strength of A rf / Vrf
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for 1� s, the probability to �nd the qubit in the state j1i , (marked by the open circle in
Fig. 7.9) wasmeasuredby a dc-SQUID. Sincethe state of the qubit canevolve via di�erent
paths, like in a Mach-Zehnder interferometer, during the oscillation of the 
ux detuning,
the resulting occupation probability shows an interferencepattern, seeFig. 7.10, which
Oliver et al. labeledBesselstaircase.

Figure 7.10: Measuredprobability to �nd the qubit in the state j1i (or j0i ), after irradiating
the qubit state j0i (or j1i ) with an oscillating magnetic �eld. If the static 
ux detuning
� f q exceedsthe oscillation amplitude A rf / Vrf , the qubit never reachesthe avoided level
crossing,seeFig.7.9, and no transition can be observed.

The reasonthat this qubit experiment and a Faraday-rotation 
uctuation spectrum
shows similar results is the fact, that both, qubit and spin are two level systems.The main
di�erence between the two presented experiments is the line width of the resonances.In
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the Faraday setup the width is given by incoherent spin relaxation, while in the qubit case
the coherent in
uence of the Josephsoncoupling determinesthe width. The qubit can be
described by the Hamiltonian

H = �
1
2

�
� � x + [� f q + Arf cos(! t)] � z

�
: (7.8)

The qubit experiment corresponds to the following spin dynamics. At the beginning of
the experiment, the spin is prepared in the state j0i = j "i . The Josephsoncoupling
resembles a static magnetic �eld in the x-direction, and the magnetic �eld aligned along
the z direction generatesthe static Zeemansplitting � f q + Arf cos(! t) of the energylevels
j "i = j0i and j #i = j1i . After a �xed time [1� s in the experiment of Oliver et al. [168]],
onemeasuresthe chanceto �nd the spin in the state j #i = j1i .

Without the Josephsoncoupling �, i.e., without a magnetic�eld in the x-direction, the
spin states j "i and j #i would be eigenstates,and no spin 
ip would be detectable. The
Josephsoncoupling however leadsto a spin precessionaway from the z-direction. Thereby
a situation similar to the Faraday-rotation experiment is reached. The transversal spin
components precessforward and backward in the oscillating magnetic �eld generatingthe
Besselstaircasestructures. In contrast to the Faraday experiment, the transition between
the states j "i and j #i are not incoherently induced by decoherence,but a coherent
rotation by the Josephsoncoupling. Therefore the line width of the resonancesin the
qubit experiment is not given by the coherencetime, but is a more complexfunction of �
as discussedin Ref. [168].

In the Faraday setup, one measuresthe spin-spin correlation as function of the noise
frequency. In the qubit case, the measuredquantit y is also a correlation function: to
measurethe state j1i after a �xed irradiation time, if the state was j0i at the beginningof
the experiment. However, one doesnot measurethis correlation as function of frequency,
but at a �xed frequencycorresponding to the inverseirradiation time. The role of the noise
frequencyis played by the static 
ux detuning � f q. If oneperformsthe calculation for the
spin-spincorrelation function in Section7.5 with a static and an oscillating magnetic�eld,
onewould recover Eq. (7.7), but with ! replacedby ! + �. ThereforeS(! ) and S(�) show
the samefunctional form.

7.7 Chapter summary

In this Chapter, the Faraday-rotation 
uctuation experiments by Crooker et al. [156]and
Oestreich et al. [157] were theoretically discussed. Further, a new way to measurethe
spin-coherencetime T2 is proposed,namely to measureFaraday-rotation 
uctuations in
the presenceof an oscillating magnetic �eld. Such an experiment can measurethe spin
coherencetime T2 of electronspinswith reduced inhomogeneousbroadening. The spin-spin
correlation function shows resonancesin the power spectrum at multiples of the oscilla-
tion frequencyof the external �eld. As this frequencyis not subject to local variations,
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the resonanceline width is given only by the bare spin coherencetime T � 1
2 and the in
u-

enceof hyper�ne interaction. This contrasts with Hanle or time-resolved Faraday-rotation
measurements that are fragile against all sourcesof inhomogeneousbroadening. Faraday-
rotation 
uctuation in the presenceof an oscillating magnetic �eld is on one side a less
powerfull tool than pulse-ESR,since the in
uence of hyper�ne interaction persist. On
the other side, it is experimentally simpler to realize, since in contrast to pulse-ESRthe
Faraday-rotation measurement doesnot require any time resolution at all.



Chapter 8

Conclusions

In this dissertation, the possibility to generate, manipulate, and detect single spins in
transport through a quantum-dot spin valve was discussed.

In Chapter 2, we introducedthe mathematical descriptionof a quantum-dot spin valve.
As quantum dot, we usedthe Andersonimpurit y model, and the ferromagnetswere mod-
eled in the Stoner picture. We have chosenthis systemsinceit is the simplestnon-trivial
device to examinethe in
uence of strong charge interaction on spin currents. Within this
approach, we want to describe experiments measuringtransport through grainsembedding
in F/I/F tunnel junctions, carbon nanotubesor C60 moleculescontacted by ferromagnetic
leads,or impurities contacted by ferromagneticSTM.

In the quantum-dot spin valve, a bias voltage leads to the accumulation of a non-
equilibrium spin on the otherwisenon-magneticsingle-level quantum dot, as discussedin
Chapter 3. This accumulation can be seenas the preparation of a certain spin state. The
time-averagedaccumulated spin adapts to outer circumstancesin such a way, that the
sum of incoming and outgoing spin currents vanish. A rigid calculation of the spin cur-
rent though a tunnel barrier between ferromagnetand single-level quantum dot showed,
that the transfer of angular momentum has two qualitativ ely di�erent contributions. One
spin current contribution is associated with the fact that the charge current from or to a
spin polarizedsystemis alsospin polarized. This current, thus, transfersangular momen-
tum along the magnetization direction of the ferromagnetor along the accumulated spin.
Furthermore, in systemswith strong charge interaction, such as quantum dots, the spin
current also has a transversal component, perpendicular to both, lead magnetization and
dot polarization. This component leadsto an intrinsic spin precessionof the spin on the
quantum dot, that can be described in terms of an exchange�eld. Several previouspubli-
cations,which tried to describe spin transport through quantum dots in weak coupling by
an `ad hoc' rate equation approach missedthis exchangeinteraction.

At the interface between magnetizedlead and spin-polarized dot, magnetoresistance
occurs. Therefore the accumulated spin in
uences the transport characteristics of the

113
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device. Each manipulation of the dot spin is detectablein the conductanceof the quantum-
dot spin-valve device,asshown in Chapter 4. Two di�erent ways to in
uence the spin were
discussed.By an external magnetic�eld, onecaninducea precessionof the dot spin, which
reducesthe overall spin-valve e�ect. Such an experiment is an all electrical analogueto
the optical Hanle e�ect, and can be usedto measurethe spin coherencetime T2 of a single
quantum dot. Furthermore, onecan electrically manipulate the spin in a direct way. Since
the many-body exchange �eld is a function of bias and gate voltage, these voltagescan
directly a�ect the spin degreeof freedomof the dot. In particular, this interaction-driven
intrinsic spin precessionmodi�es the dependenceof the linear conductanceon the opening
angle of the lead magnetizations. The strength of this modi�cation is tunable by gate
voltage. In nonlinear response,the bias voltage dependenceof the exchange�eld can give
rise to regionsof negative di�erential conductance.

Theseresults are not speci�c for quantum-dot spin valvesbut apply for any two-level
systemtunnel-coupledto leads. As example,we discussedthe transport through a double
dot connectedin seriesin Chapter 6. In this system, the tunnel coupling of one dot to
one lead each causesa renormalization of the respective energy levels. If the renormal-
ization is di�erent for the left and right dot, the renormalization changesthe energylevel
di�erence between the two dots. The conductancethrough a serial double dot depends
very sensitively on this energylevel di�erence. Thereforewe proposeto usea double-dot
systemasdetector for this energyrenormalizatione�ects. Especially the stabilit y diagram
in the nonlinear transport regimecan be usedto prove the existenceof a tunnel-induced
energylevel renormalization, which is the origin of the intrinsic dot-spin precessionin the
quantum-dot spin-valve case.

While the dc� conductancedepends only on the time-averaged spin on the dot, the
frequencydependent current-current correlation function is sensitive to the time-dependent
evolution of the dot spin. Thereforea current noisemeasurement, asdiscussedin Chapter 5,
can reveal additional informations about the spin in the quantum-dot spin valve. At the
Larmor frequency, corresponding to the sum of exchangeand external applied �eld, the
single-spinprecessionleadsto a resonancein the noise. Responsiblefor this featuresis the
tunnel-out processof a dot electron to the drain lead. The tunnel probability dependsvia
tunnel magnetoresistanceon the relative angleof dot spin and drain magnetization. Since
the magnetizationof the lead is �xed, the precessionof the dot spin causesan oscillation of
the tunnel-out probability, and, asa consequence,leadsto current-current correlations. In
a quantum-dot system, contacted to ferromagnetic leads, the current-current correlation
function gives information about the spin-spin correlation function. Thereforea current-
noisemeasurement servesasan unorthodoxelectron-spin-resonance experiment, measuring
a singledot only.

Having in mind the correspondenceof charge-chargeand spin-spincorrelation function
in the quantum-dot spin valve, we got interested in Faraday-rotation 
uctuation spec-
troscopy in Chapter 7. Such an experiment measuresthe frequency-dependent 
uctuation
of the polarization plane of a laser, transmitted through the sample. These
uctuations
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contain information about the spin-spin correlation function of localizedelectronswithin
the sample. Measuringthe spin noiseat a certain noisefrequencycorrespondsto measure
the spin state in time intervals, which equal multiples of the inversefrequency. If a spin
precesswith this speci�c frequency, one measuresthe spin always after full revolutions,
i.e., one measuresthe samespin state each time. In other words, the measurements are
correlated. Therefore the spin-spin correlation function shows a Lorentzian resonanceat
the Larmor frequencyof the electrons. Thereby the width of the resonanceis given by
the spin coherencetime T2. Besidethe theoretical explanation of already conductedex-
periments, we alsoproposea new way to measurethe spin-coherencetime T2 with reduced
inhomogeneous broadening, namely to measureFaraday-rotation 
uctuations in the pres-
enceof an oscillating magnetic �eld. This experiment physically resembles an ESR-pulse
setup. However, sinceFaraday-rotation 
uctuation measurements are continuous-waveex-
periments, i.e., they do not needany time or phaseresolution, the experimental e�orts are
signi�cantly reduced,comparedto standard ESR-pulseschemes.
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App endix A

Green's Functions of the Quan tum
Dot

For the calculation of the charge as well as of the spin current, the Fourier transformed
Keldysh Green'sfunctions

G>
� � 0(t) = � ihc� (t)cy

� 0(0) i

G<
� � 0(t) = + ihcy

� 0(0)c� (t) i

Gret
� � 0(t) = �( t)G>

� � 0(t) + �( � t)G<
� � 0(t) � G<

� � 0(t)

Gadv
� � 0(t) =

�
Gret

� � 0(t)
� ?

(A.1)

of the quantum-dot states are needed. In this Appendix the detailed derivation of the
zeroth order Green'sfunctions is presented. The Green'sfunction is an averageof onedot
creation and onedot annihilation operator. Sinceonly the zeroth order Green'sfunctions
are neededto describe �rst-order transport onedoesnot needto considertunneling events
at all. However, the result will not be the Green's function of an isolated dot, but the
Green's function will depend on the stationary density matrix, which will be a�ected by
tunneling.

In the lesserand greater Keldysh Green's functions, the Fermion operators are not
time ordered. Thereforethey appear in the sameorder alongthe Keldysh time contour, as
written in Eq. (A.1), seeFig.A.1. The operator ordering in the not-time orderedexpression
hc� (t)cy

� 0(0) i is read from right to left, and corresponds to the operator ordering on the
Keldysh time contour, which is read from top-left ! top-right ! bottom-right ! bottom-
left. The creation (annihilation) operator addsor subtracts an electron from the dot state
at the respective time. The dashedline in the diagrams symbolize this particle transfer
from one vertex to the other. This particle transfer is due to the Green's function Fermi
operators, and not due to tunneling. The spin of the addedand removed electron is given
by the indicesof the Green'sfunction.
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PSfrag replacements
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tt 00

read

Figure A.1: Sketch of the operator ordering on the Keldysh time line.

From the time contour diagrams in Fig.A.1, the Fourier transformed expressionsof
the greater and lesserGreen's functions can be directly deduced. One must track all
possiblecombinations of initial, intermediate, and �nal dot states � = 0; " ; #; d, which
are compatible with spin and chargeconservation. Each line transports the energyof the
respective dot state. In the diagrammatical language,the Fourier transformation has two
technical consequences:�rst, ~ times the frequencyargument ! is assignedto the dashed
line between the two vertices, and second,becausethe time integration runs from �1
to 1 , both diagram types for t < 0 and t > 0 must be added together. Each diagram
represents a resolvent 1=(� E + i0+ ), where � E is the di�erence between the left- and
rightgoing energiesincluding the frequencyof the dashedline. The Green's function is
the the sum of all resolvents, whereeach resolvent (diagram) is further multiplied by the
density matrix element P �

� , where � is the initial dot state, and � the �nal dot state on
the time contour. All diagramsrepresenting the non-time ordered Green's functions are
drawn in Fig. A.2.

By replacing the diagrams in Fig. A.2 by the resolvents, and by the use of Cauchy's
formula, we get

G>
� � (! ) = � 2� iP �� � (! � " � U) � 2� iP0� (! � " )

G<
� � (! ) = +2� iP � � (! � " ) + 2� iPd� (! � " � U)

G>
� �� (! ) = 2� iP �

�� � (! � " � U)

G<
� �� (! ) = 2� iP �

�� � (! � " ) (A.2)

where� 6= �� .
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Figure A.2: Examplesfor the diagramsrepresenting the greater and lesserGreen's func-
tions.

By the work of Meir and Wingreen, the electrical current can be calculatedwith these
greater and lesserKeldysh Green's functions. The spin current in contrast also depends
on the time orderedretarded and advancedGreen's functions. With a suitable choice of
the spin quantization axes, only the time ordered Green's functions with di�erent spin
indices are needed. The time ordered Gret

� �� (! ) and Gadv
� �� (! ) can be constructed from the

not time orderedlesserand greaterGreen'sfunctions by Gret (t) = �( t)G> (t) � �( t)G< (t).
By taking the operator ordering on the time contour into account assketched in Fig. A.1,
the retarded Green'sfunction has the diagrammatic representation as shown in Fig. A.3,
and has the analytic value of
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Figure A.3: Diagramsrepresenting of a time orderedGreen'sfunction.

Gret
� �� (! ) = P �

��
1

! � e � U + i0+
+ P �

��
1

! � e+ i0+
: (A.3)



App endix B

Generalized Transition Rates for a
Quan tum-Dot Spin Valv e

For the calculation of the self-energyW �� 0

� � 0 , the explicit shape of the tunnel Hamiltonian in
Eq. (2.1) is needed.Therefore�rst a referenceframeof the dot-spin quantization axis must
be de�ned, which then determinesthe strength and phaseof the spin-dependent tunnel
events. Of course,in the end, all physical results must not depend on the choice of the
referenceframe.

B.1 Choice of reference frame

In the absenceof a magnetic �eld, it is convenient to chooseneither n̂L nor n̂R as quan-
tization axes, but instead to quantize the dot spin � = " ; # along the z-direction of the
coordinate systemin which the basisvectors êx, êy , and êz are along n̂L + n̂R , n̂L � n̂R,
and n̂R � n̂L , respectively, seealso Fig. B.1(a). The tunnel Hamiltonian for the left tun-
neling barrier then reads

HT ;L =
tLp

2

X

k

ay
Lk+

�
e+ i�= 4c" + e� i�= 4c#

�
+ ay

Lk�

�
� e+ i�= 4c" + e� i�= 4c#

�
+ H.c. (B.1)

and for the right barrier, HT ;R, the samewith the replacements L ! R and � ! � � .
The averagetunnel coupling to one lead is then given by � r =

P
� = � 2� jt r =

p
2j2� r ;� =P

� = � � r ;� =2.

While individual parts of the tunnel Hamiltonians do not conserve spin separately, the
sum of all parts strictly does. Due to the special choice of the quantization axis, the
lead electronsare coupledequally strong to up- and down-spin statesin the quantum dot.
There are, however, phasefactors involved, similar to Aharonov-Bohm phasesin multiply
connectedgeometries. The formal similarity of the quantum-dot spin valve to a two-dot
Aharonov-Bohm interferometer is visualizedin Fig. B.1(b).
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f/4�ie f/4�ie

f/4�ie
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f/4�ief/4�ie
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L(�) R(�)
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L
n
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(b)(a)

n
R(+)

f

Figure B.1: (a) The chosencoordinate system. The magnetization directions n̂L and n̂R

enclosean angle� . (b) Graphical representation of the phasefactors in the tunnel Hamil-
tonian, Eq. (B.1). In this representation, the quantum-dot spin valve bearssimilarities to
an Aharonov-Bohm setup,with the di�erent armsmodeling the two di�erent spin channels
" and #. Thereby the Aharonov-Bohm 
ux corresponds to the relative angle of the lead
magnetizations.

B.2 Diagrammatic calculation of the matrix W

The self-energyW �� 0

� � 0 can be represented asa block diagram, which is a part of a Keldysh
time contour. Examplesof �rst-order diagramsare shown in Fig. B.2. The real-time axis
runs horizontally from the left to the right while the upper (lower) line represents the
forward (backward) propagator of the dot state �; � = f 0; " ; # dg. Note, that the indices
of the W 0s are reversedin comparisonto the diagram corners.

In the here presented work, only the lowest order transport is considered.Therefore,
the transition rates W include only processes,which include the transfer of oneelectron,
i.e., the diagramshave only one tunnel line. Thesetypesof diagramscan be constructed
by the following rules:

1. Draw all topologically di�erent diagrams with one tunneling line connecting two
verticeson either the sameor opposite propagators. Assign the states � = 0; " ; #; d
to the four corners,and the corresponding energies" � to all propagators,as well as
an energy! to the tunneling line.

2. For the time interval on the real axis con�ned by two neighboring vertices,assignthe
resolvent � i=(� E + i0+ ), were � E is the energy di�erence between left and right
going tunnel lines and propagators.

3. For each vertex connectinga double-occupiedstate d to the up state " , the diagram
acquiresa prefactor of (� 1).
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Figure B.2: Examplesfor the diagramsrepresenting the generalizedtransition rates W .

4. Assign to each tunneling line the factor 
 +
� � 0(! ) [
 �

� � 0(! )] when the tunneling line is
going backward (forward) with respect to the Keldysh contour. The factors 
 � (! )
come from the contraction of two lead operators in the tunnel Hamiltonian and
resemble the transition rates predicted by Fermi's goldenrule, including a sum over
all intermediate lead states (r = R=L; � = + =� ). Dependent on the time ordering,
the transition rate is proportional to the electronf + or the holedistribution function
f � = 1 � f + . With the relative phasesextracted from Fig. B.1, the 
 's read


 �
� � (! ) =

1
2�

X

r ;� = �

� r �

2
f �

r (! ) ; (B.2)


 �
"# (! ) =

1
4�

�
� L+ f �

L ei�= 2 + � R+ f �
R e� i�= 2

� � L� f �
L ei�= 2 � � R� f �

R e� i�= 2
�

= 
 �
#"

?(! ) : (B.3)

Here, � and � 0 are the spins of the electron that leavesand enters the verticescon-
nectedby the line. Due to the choiceof the spin quantization axes,the spin indices
do not needto be equal, but still the theory assumesstrict spin conservation.

5. The diagram getsa prefactor of (� 1)b, whereb is number of internal verticeson the
backward propagator.

6. Integrate over the energy ! of the tunneling lines. This integral can be calculated
trivially by using Cauchy's formula.
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Arranged in the matrix notation introducedin Section5.2.5we get

W
�
�
! =0

= � L A L + (L ! R) ; (B.4)

with the matrix A L given by
0

B
B
B
B
B
B
@

� 2f +
L (" ) f �

L (" ) f �
L (" ) 0 pf �

L (" ) ei� L pf �
L (" )e� i� L

f +
L (" ) � yL 0 f �

L (" + U) � p
2(xL � i� L )ei� L � p

2(xL + i� L )e� i� L

f +
L (" ) 0 � yL f �

L (" + U) � p
2(xL + i� L )ei� L � p

2(xL � i� L )e� i� L

0 f +
L (" + U) f +

L (" + U) � 2f �
L (" + U) � pf +

L (" + U) ei� L � pf +
L (" + U)e� i� L

pf +
L (" )e� i� L � p

2(xL � i� L )e� i� L � p
2(xL + i� L )e� i� L pf �

L (" + U)e� i� L � yL 0
pf +

L (" )e+ i� L � p
2(xL + i� L )ei� L � p

2(xL � i� L )ei� L pf �
L (" + U)e+ i� L 0 � yL

1

C
C
C
C
C
C
A

:

The angle � = 2� L = � 2� R is the angle enclosedby the lead magnetizations. The leads are characterized by the
Fermi functions f +

r (! ) and f �
r = 1 � f +

r . For shorter notation we further introduce xL = f �
L (" ) � f +

L (" + U) and
yL = f �

L (" ) + f +
L (" + U). The exchange�eld strength is then given by jBr j = � r p � r , seeEq. (5.15).

This approach to construct the master equation for the quantum-dot spin valve of coursereproduce the results gained
from balancingspin and chargecurrents, as presented in Chapter 3.



App endix C

Master Equations for the Double-Dot
Problem

With the de�nition P � 1
� 2

:= h� 1j� st j� 2i , the master equation Eq. (6.5) can be written as:

0 = i~
d
dt

P � 1
� 2

= h� 1j[HDots ; � st]j� 2i + h� 1j[H � ; � st]j� 2i + i
X

� 3 ;� 4

W � 1 � 3
� 2 � 4

P � 3
� 4

: (C.1)

In the following the tensorW � 3 � 1
� 4 � 2

is calculatedin the basisof localizedeigenstatesof HDots ,
i.e., � i 2 fj 0i ; jL� i ; jR� i ; jL� R� 0ig , including the spin degreeof freedom.

C.1 Diagrammatic rules

Within the diagrammatical approach, the tensor W � 3 � 1
� 4 � 2

is represented as block diagram,
which is a part of the Keldysh time contour asshown in Fig. C.1. The upper and lower line
of the Keldysh time contour tK represent the propagationof the double-dotsystemforward
and backward in time. They connect the matrix element characterizedby the labels on
the left side with the matrix element characterized by the labels on the right side. In
the sequential-tunnel approximation all transitions areallowed wherea singleelectron�rst
leavesand then re-enters the double dot or vice versa. The two tunnel Hamiltonians are
represented by verticeson the propagators.Theseverticesareconnectedby the contraction
of the lead Fermi operators (indicated by a dashedline). Each line is characterizedby its
energy! , the spin � of the transferedelectron,aswell as the corresponding reservoir label
r 2 f L; Rg. A vertex with an outgoing (incoming) tunneling line represents an electron
leaving (entering) the double dot on the speci�ed sider . All possibletransitions in lowest
order in the external coupling � belongto oneof the eight diagramsdepicted in Fig. C.2.

The tensorW � 3 � 1
� 4 � 2

is givenby the sumof all diagramswith the correspondingeigenstates
at the four corners,seeFig. C.2. The number of relevant diagramsis limited by spin and
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Figure C.1: Sketch of the time contour structure of a diagram. The upper (lower) horizontal
line denotesthe forward (backward) propagator of the double-dot system. The Keldysh
time contour is labeledby tK , while the real time runs from left to right.
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Figure C.2: All topologicallydi�erent diagramscontributing to the tensorW � 3 � 1
� 4 � 2

calculated
in �rst order in the external coupling �. Labeling of the eigenstatesat the four corners
and of the tunneling line like in �rst diagram. � 5 labels an intermediate charge state of
the double dot.

particle number conservation aswell asto the serialsystemgeometry. The rulesto evaluate
thesediagramsin lowest order are:

1. Draw the upper and lower time contour. Add two tunnel vertices in any topological
di�erent way. The relevant criteria are the upper and lower contour, and the time
ordering of the verticeson the real axes(from left to right), not only on the Keldysh
time contour. Assign to each free segment of the contour a state of the double dot
and the correspondingenergy. For 'bubble' diagramslike in the lower row of Fig. C.2,
an intermediate state � 5 participates.

2. The two vertices are connectedby a tunnel line. Each tunnel line is labeled with
the energyof the tunneling electron ! , its reservoir label r and its spin � . Spin and
reservoir label of the tunneling electron are uniquely determinedby the eigenstates
involved in the tunneling processes.
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3. Assign to each diagram the resolvent � i=(� E + i0+ ) where � E is the di�erence
betweenenergiesbelongingto left going lines and energiesbelongingto right going
lines (the tunneling line as well as the propagators).

4. The tunneling line connectingtwo verticesand labeledby the reservoir index r gives
rise to the factor


 �
r (! ) =

1
2�

� r f �
r (! )

Here, the Fermi function f +
r (! ) = f r (! ) = 1=(1 + exp[(! � � r )=kBT]) corresponds

to a tunneling line that is backward directed in the Keldysh time ordering (compare
Fig. C.1), and f �

r (! ) = 1� f r (! ) correspondsto a tunneling line forward directed in
the Keldysh time ordering.

5. Each diagram getsa prefactor (� 1)v wherev is the number of verticeson the back-
ward propagator. (This rule generatessa (� 1) for the diagramsin the upper row of
Fig. C.2.)

6. Sum over possible internal eigenstates� 5 and integrate over the energy ! of the
tunneling electron.

In the parameter regimewe are interested in, the following relations hold: kT > � �
"; �. Thereforethe energydi�erence betweenthe singleparticle statesis not resolvedby the
Fermi functions in the reservoir, so that we have to approximate the eigenenergiesof fj 0i ,
jL� i , jR� i , jL� R� 0ig by f 0; EL � ER � �E ; 2 �E + Ug. While a doubleoccupationof a single
dot for the initial or �nal states is excludedby setting f r ( �E + U0) = 0, the intermediate
state � 5 is allow to be such a state. Thesestateshave the eigenenergy2 �E + U0.

In Fig. C.3, the diagrammatic expansionof the tensor elements W L� ;0
L� ;0 and W L� ;L �

R� ;R� are
shown. W L� ;0

L� ;0 is purely real and its magnitude has the meaningof a transition rate for a
tunneling-in processstarting from the empty double dot and resulting in a singleelectron
with spin � sitting in the left dot. In contrast, W L� ;L �

R� ;R� also has a imaginary part which
renormalizesthe energylevels. Calculated in lowest order in �, each element of the tensor
W can be expressedby terms of the form

X (n;m )
r (E) =

Z
d!

� i 
 n
r (! )

m(E � ! ) + i0+
; (C.2)

wheren and m are either (� ) or (+). In this notation, the algebraicexpressionfor W L� ;L �
R� ;R�

is:

W L� L�
R� R� = X (� ;+)

r ( �E) + X (� ;� )
r ( �E) + g�

�
X (+ ;+)

r ( �E + U) + X (+ ;� )
r ( �E + U)

�

+( g� � 1)
�
X (+ ;+)

r ( �E + U0) + X (+ ;� )
r ( �E + U0)

�
; (C.3)

where,within this Appendix, we allow for an arbitrary spin degeneracyg� . Sincef r ( �E +
U0) = 0 the real part of the last row in Eq. (C.3) vanishes,however this is not the case
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Figure C.3: Relevant diagramscontributing to two speci�c entries of W , in a lowest order
expansionin �. Every diagram corresponding to a speci�c entry is labeled by the same
eigenstatesat its four corners.

for the imaginary part, which causesthe level renormalization. The imaginary part of the
diagrams is determined by the principal value of the integrals in Eq. (C.2) and can be
expressedas a sum over digammafunctions, seeEq. (6.9).
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C.2 System of master equations

Since the Hamiltonian given in Eq. (6.1) is independent of the orientation of the spin,
each spin-realization of a charge state is equally probable. Therefore one can de�ne
P0 = h0j� st j0i , P r

r0 =
P

� hr� j� st jr0� i , and P2 =
P

� ;� 0hL� R� 0j� st jL� R� 0i . Furthermore
the stationary density matrix is diagonal in spin and particle number. Thus the reduced
density matrix � st describingthe double dot is given by the 4 � 4 matrix

� st =

0

B
B
@

P0 0 0 0
0 PL

L PL
R 0

0 PR
L PR

R 0
0 0 0 P2

1

C
C
A : (C.4)

The diagonalelements of the density matrix are the probabilities to �nd the doubledot
empty (P0), the left (PL

L ) or right dot (PR
R ) singly occupied,or the two dots simultaneously

occupiedby oneelectron(P2). Superpositionsof the two singleoccupiedstatesarepossible
PL

R =
�
PR

L

� ?
.

One can de�ne an e�ective tensor for W , that only dependson the orbital part of the
matrix elements (denoted in the following formula by � 1, � 2, � 3, � 4) and no longer on the
spin variables. The new tensor elements are de�ned by:

W � 3 � 1
� 4 � 2

=
X

f

W � f
3 � i

1

� f
4 � i

2
(C.5)

Here i labels any possiblespin-realization for the initial states, � 1; � 2, and f for the �nal
states � 3; � 4. (Due to spin degeneraciesthe two particle states are four fold degenerate,
and the left and right states are each two-fold degenerate.) The tunnel tensor W � 3 � 1

� 4 � 2
is

independent of the spin-realization i . The spin degeneracyappears only as a prefactor,
but doesnot changethe functional form of the elements. For example,W L;0

L;0 =
P

� W L� ;0
L� ;0

describing the transition from P0 to PL is twice as big for spin-degenerateelectronsas
for spin-lessfermions. On the other hand W L;L

L;L = W L" ;L"
L" ;L" + W L#;L"

L#;L" = W L#;L#
L#;L# + W L" ;L#

L" ;L#
describing the loss term of PL is the samefor spin-degenerateor spin-lessfermions since
W L#;L"

L#;L" = 0 = W L" ;L#
L" ;L# .

This treatment of the spin allows a generalsolution of the problem including both, the
caseof spin polarizedelectronsand the caseof spin degenerateelectrons.For the interested
reader,we specify the degeneracyof Fermionsin the further Appendix by the variable g� :
g� = 2 for electrons,g� = 1 for spin-lessFermions.

Instead of working with o�-diagonal density matrix elements, a pseudospin represen-
tation can be used. As any two level system,the 2 � 2 hermitian submatrix of the singly
occupied states in Eq. (C.4) can be treated as SU(2) representation of the pseudospin
Bloch vector I = (P L

R + PR
L ; iP L

R � iP R
L ; PL

L � PR
R )T =2. For a complete set of variables,

the variable P1 = PL
L + PR

R , the probability of a singly-occupieddoubledot, is introduced.
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With this changeof variables, the dynamics of the double dot systemcan be mapped on
the motion of a spin in an external magnetic�eld. This is in closeanalogyto the dynamics
of a quantum dot connectedto ferromagneticleads,seeChapter 3.

Due to the serial geometry the external tunneling a�ects only the z-direction of the
pseudospin and the left and right contacts couple with a di�erent sign to Iz. This is
captured by the de�nitions n̂L = (0; 0; 1) and n̂R = (0; 0; � 1), which can be understood as
pseudo-spinmagnetizationsof the leads. With this de�nitions the occupationprobabilities
obey the following master equations:

0 =
d
dt

P0 =
X

r

� r

~
(� g� f r ( �E)P0 +

1
2

f �
r ( �E)P1) +

X

r

� r

~
f �

r ( �E)n̂r � I (C.6)

0 =
d
dt

P2 =
X

r

� r

~
(
g�

2
f r ( �E + U)P1 � f �

r ( �E + U)P2) �
X

r

� r

~
g� f r ( �E + U)n̂r � I (C.7)

P1 = 1 � P0 � P2 (C.8)

In equilibrium (f R = f L ) the diagonalmatrix elements aregivenby the Boltzmann statistics
P0 = 1=Z; P1 = 2g� exp[� �E=kBT]=Z; P2 = g2

� exp[� ( �E + U)=kBT]=Z; Z = P0 + P1 + P2

and the accumulation term aswell as all components of the pseudospin vanish.

The dynamicsof the singleparticle state is described by a Bloch-like equation:

0 =
d
dt

I =
�

dI
dt

�

acc:

�
�

dI
dt

�

rel:

+
1
~

(B � I ) (C.9)

Three di�erent terms can be identi�ed in the Bloch equation. The term
�

dI
dt

�

acc:

=
X

r

n̂r
� r

2~

�
g� f r ( �E)P0+ +

1
2

�
g� f r ( �E + U) � f �

r ( �E)
�

P1 � f �
r ( �E + U)P2

�

describesthe accumulation of pseudospin in z-direction dueto the serialexternal coupling.
The relaxation-like term

�
dI
dt

�

rel:

=
1
2

X

r

� r

~

�
f �

r ( �E) + g� f r ( �E + U)
�

I

limits the amount of pseudospin. The isospin I relaxesisotropic by electronsleaving or
entering the singly occupieddouble dot destroying all pseudo-spincomponents.

The third term looks like a rotation of the pseudospin around a �ctitious magnetic
�eld B = (� � ; 0; " ren), where" ren denotesthe renormalizedlevel separation

" ren = EL � Re
h
X (� ;� )

L ( �E) + g� X (+ ;� )
L ( �E + U) � (g� � 1)X (+ ;� )

L ( �E + U0)
i

� (L ! R) ; (C.10)

where Re denotes the real part. The Cauchy principal value integrals are de�ned in
Eq. (C.2). This third term describes coherent oscillations inside the double dot which
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mix the accumulated spin in z-direction with the other components. The inter-dot tun-
neling characterizedby � yields a precessionof the isospinaround the x� axis, while the
energy separation between the dot levels results in a rotation around the z� axis. It is
important to note that the renormalizedlevel separationbetweenthe dots changesdue to
the external coupling and it is not given by the bare level separation" .

This system of master equations can be solved analytically, and the thereby gained
density matrix determins the conductanceof the double-dot device.
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App endix D

Calculation of the Spin-Spin
Correlation Function

In the calculation of the spin-spincorrelation function in an oscillating magnetic �eld, see
Chapter 7, following integral appears:

1
2�

Z 2�

0
d�

Z 1

0
dt e� t=T2 � i! t � i �


 [cos(
 t+ � )� cos(� )] : (D.1)

With the Jacobi-AngerExpansion(seeAbramowitz & Stegun,1972,page361)

ei �

 cos(
 t+ � ) =

1X

n= �1

inJn

�
�



�
ein (
 t+ � ) (D.2)

the time and the phaseintegration can be separatedto
1X

n= �1

inJn

�
�

�



�
1

2�

Z 2�

0
d� e+ i �


 cos(� ) ein�
Z 1

0
dt e� t=T2 � i! t ein
 t ; (D.3)

while Besselfunctions of the �rst kind were introduced. In this form, the time integration
can be easily performed. The phaseintegration on the other side now resembles just the
intergal representation of the Besselfunction

Jn

�
�



�
=

1
2� in

Z 2�

0
d� e+ i �


 cos(� ) ein� : (D.4)

The original integral thereforeequals
1X

n= �1

i2n Jn

�
�



�
Jn

�
�

�



�
1

1=T2 + i(! � n
 )
: (D.5)

With the identities i 2n = (� 1)n , and Jn (� x) = (� 1)nJn (x), the �nal result is given by
1X

n= �1

Jn

�
�



� 2 T2

1 + iT2(! � n
 )
: (D.6)
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